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PREFACE 


The importance of functional analysis to many branches of 
mathematics has been realised since the 1930's; however It is 
only comparatively recently that the subject has formed any 
significant part of undergraduate mathematics courses. Metric 
spaces, as the simplest system to be studied within the field of 
functional analysis, form a natural and necessary introductory 
topic. Moreover they arise as a result of the abstraction of the 
distance properties of the real line (or of points in real 
m-dimensional space). The topic therefore unifies much of the 
theory of elementary analysis and bridges the gap between 
classical and functional analysis. In consequence this book has 
been written in a style suitable for a student who has completed 
elementary analysis courses up to and including uniform 
convergence. (It is the author's belief that most students are best 
introduced to uniform convergence in the classical way rather 
than via the supremum metric for the set of continuous, or 
bounded, functions.) Throughout the text, the introduction of 
each concept has been carefully motivated by showing how it 
arises naturally as the abstraction of a corresponding idea in 
elementary analysis. 

There are a few details concerning layout, etc. Chapter 1 is a 
catalogue of results needed for the main part of the text which 
starts in Chapter 2. All of Chapter 1, with the possible exception 
of §1.8 (concerning Minkowski's inequality), is assumed to be 
familiar to the reader: accordingly there are no exercises in this 
chapter. There are, however, over 200 exercises distributed 
over the remaining chapters: most of these require only 
routine manipulation of the theory, but some give further 
results. Within the actual text there are occasional gaps in the 
arguments which the reader is invited to fill for himself; these 
gaps are always indicated, and require only straightforward 
steps. 

There is one further detail. Except in Chapter 1, any major 
result that is stated and which is assumed to be known to the 
reader is called a ‘proposition’ ; this distinguishes such results 
from those proved in the text, and which in the usual way are 
designated as theorems, lemmas, or corollaries. Such 
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propositions are stated from time to time to provide an 
introduction to, and a motivation of, the more abstract ideas 
described for general metric spaces. 

| am indebted to many of my colleagues for comments on the 
earlier versions of this book. Undoubtedly my greatest debt, 
which 1 gratefully acknowledge, is to Dr. L. E. Clarke who, as 
well as discussing with me various aspects of this book, has 
also read in detail several of the earlier versions and has worked 
nearly all the exercises ; he has pointed out a number of errors 
and obscurities, and suggested many improvements. Needless 
to say, however, the final responsibility of any remaining errors 
remains with me; | should much appreciate having these reported 
to me. Lastly | am pleased to acknowledge the assistance of my 
wife in typing the final draft of this book. 
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1: PRELIMINARIES 


In this chapter there are listed some terminology and results which 
will be required subsequently; the reader is assumed to be familiar 
with these ideas so they are discussed briefly and the proofs of the 
results are not, in general, given. Thus the contents of this chapter 
are to be regarded as a catalogue of material which will be required 
at various places in the remainder of the text, and (with the exception 
of the last section) are not to be regarded as a rigorous development 
of these topics. 

The topics to be reviewed are firstly sets, mappings, equivalence 
relations and countability; these are all treated more fully by 
Simmons (1963) §§1—7. Secondly, in §§1.5, 1.6 there are listed a 
number of elementary results concerning the real number system 
and real functions; for a full discussion of this material see any first 
course in analysis (for example Apostol (1957)). In §1.7 we discuss 
the negation of the quantifiers ‘there exists’ and ‘for all’. Lastly, in 
§1.8 some inequalities are given; since the reader may not have met 
these before their proofs are given in full. 


1.1 Sets 


A set is a collection of objects; the latter are referred to as the 
elements, members, or points of the set. If XY is the set of all elements 
x such that some proposition P(x) is true, weshall write X¥ = {x:P(x)}. 
If x is a member of a set X, we write x € Y; if x is not a member of 
X, we write x αὶ Χ. 

The following notation will be used throughout this text. N is the 
set of all natural numbers (1, 2, ...), Z is the set of all integers, Q is 
the set of all rationals, R is the set of all real numbers, and C is the 
set of all complex numbers. 

The empty set will be denoted by @; it is a subset of every set. 

Two sets are said to be equal if and only if every element of each 
set is also an element of the other. If A, B are two sets such that 
all the elements of A are also elements of B, then we say that A is a 
subset of B and we write A © B; the symbol c is reserved for strict 
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inclusion. If @ < A c B then A is said to be a proper subset of B. 
If A, B are any two sets, their union is denoted by A ὦ B and their 
intersection by A q B. If Aa B = @ then the sets A, B are said to 
be disjoint. 

A finite set is one containing only a finite number of elements, 
and an infinite set is one containing an infinite number of elements. 

For linguistic convenience we shall also employ the terms collec- 
tion and class instead of set; in particular these will be used to avoid 
talking of ‘a set of sets’ and to say alternatively ‘a class of sets’ or 
‘a collection of sets’. Thus 


{X_:n = 1, 2, ...}, that is {X,:n € N} (1.1.1) 
is an infinite class of sets. 

More generally, if A is any set and for each Ain A a (unique) set X, 
is defined, then {X,:4 ΔΛ} is a class of sets; A is called an index 
set for this class. Thus in (1.1.1) N is an index set. 

The identities 

AN(BUC)=(ANB)U(ANC), 
AU(BNC)=(AVB)N(AV CO), 


are known as the distributive rules for set union and intersection. 
More generally, if {B,:2 € A} is any collection of sets, we have 


An(\) B) =U (nB), (1.1.2) 
AeA AeA 
Au(() B,) = (\(Av 8. (1.1.3) 


If X, Y are two sets, then the set of all elements in Y which are 
not in Y is called the complement of Y with respect to X, and ts 
denoted by ¥— Y; thus 


X-—Y = {x:xeX,x¢€ Y}. 


(Some authors write X\ Y instead of X— Y.) 
Let {A,:4 <A} beacollection of subsets of a set X; then 


X— |) A, = ἢ (X-A,), 
AeA, AeA 

and X- [Ὶ A; = |) (X¥-—A,). 
λελ AGA 


These relations are known as De Morgan’s rules. 
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If X,, Δ΄ are two sets, then the set of all ordered pairs (x,, x2) 
where x, € X,, X2 € X, is called the Cartesian product of X, and X3, 
and is denoted by X, x X>; thus 


X, x Xz = {(%4, ¥2):%1 Ε ΧΙ, X2 © XZ}. 


Likewise we may define the Cartesian product X¥, x... x X, of the 
sets X,,...,4,3 if X, =... = X= X, say, then we write 
ΧΙ Re a. 

More generally still we may define the Cartesian product of any 
infinite sequence of sets; thus 


Χ, K ea = {(x,, X45 ΧΕ X;}. 


The elements of X, x Xz x... are infinite sequences (the elements of 
X, xX... x X, may be regarded as finite sequences). 

Finally we mention the word space, which is often used instead of 
set, collection etc. to specify the universe of elements in which we 
happen to be interested. The space will usually have some structure 
which will be indicated by an adjective describing it (for example, 
vector space or metric space). 


1.2 Functions 


Let X, X’ be non-empty sets; if a rule is given, by which to each 
x in X there is assigned a unique corresponding x’ in X’, then the 
rule is said to be a function, or mapping. If this rule is denoted by f, 
then we say that fis a mapping of X into X’ and write f: X > X’. 

This description of what is meant by a function gives us the 
necessary criteria to decide whether or not a given rule is a function; 
however it does not strictly define the concept of a function since it 
merely replaces the word function by the (undefined) word rule. This 
criticism can be countered as follows. 

Let Α΄, X’ be non-empty sets; any subset of ΧΙ x X’ such that for 
each x in X there exists one and only one element (x, x’) in the 
subset is said to be a function, or mapping, on X. If the subset is 
denoted by /, then we say that fis a mapping of X into X’ and write 
LX > X'. 

For our purposes either definition of a function is acceptable and 
the reader should adopt whichever he prefers. 

We shall use the terms function and mapping interchangeably. 
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If f:X — X' is a mapping and if xe X, the corresponding x’ 
(known as the image of x under f) in X’ is denoted by f(x) so 
x = Fe), 

Occasionally it will be convenient to use an alternative notation. 
We shall then denote a function /: X ~ X’ by x + f(x), χε X; for 
example ‘the function ΚΓ: αὶ — R defined by /(x) = sin x, χὲ R’ can 
be written more briefly as ‘the function x sin x, xe R’. (This 
notation does not give the set ’, but this information is usually 
self-evident.) 

Some set-theoretic terminology and results concerning a mapping 
f:X — ΧΙ will now be described. 

If A is any subset of X, then the set of images of all elements of A, 
under the mapping /, is denoted by f(A); thus 


f(A) = [[σ): xe A}. (1.2.1) 


X is called the domain, and f(X) is called the range, of f. 

If f(X) = X’, then fis said to be surjective (or fis said to map X 
onto X’). If every pair of distinct elements x, y of X map into distinct 
elements f(x), f(y) of X’, fis said to be injective (or one-to-one). If f 
is injective and surjective, then it is said to be bijective. 

Note that f: X — X’ possesses an inverse (defined on X’) if and 
only if fis bijective. This inverse is denoted by f~*: X’ > X. 

Given a mapping /:X > X’, if YS X and if g:Y¥> X’ isa 
mapping such that g(y) = f(y) for all y in Y, then g is called a 
restriction of f and f is called an extension of g; this restriction g of f 
is denoted by /; and is called the restriction of fto Y. 

If f:X — X' and g:X’ — X” are two mappings, then the mapping 
h:X — X" defined by A(x) = g{f(x)} for all x in X is called the 
composition of f and g; it is denoted by h= goof, 

If X is a non-empty set, the function Κ: ¥ --- X defined by f(x) = x 
for all x in X is called the identity function on X; often the symbol 7 
is used instead of f for this function. 

Again let f:X — X’ be an arbitrary function and let A’ « X’; 
then the set of all elements of X¥ which are mapped into A’ by / is 
called the inverse image of A’ and is denoted by f~'(A’), that is 


f(A’) = {xix € X, f(x) ε A’}. (1.2.2) 


It should be noted that in order to define f~'(A’) it is mot necessary 
that f should possess an inverse, Thus the notation f~* has been 
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used to represent two distinct ideas; however no ambiguity can 
arise. 

Since the mapping f is not necessarily surjective, there may be 
elements in A’ which are not images of any point in XY; however this 
does not invalidate the above definition of f~'(A’). Thus, in par- 


ticular, if A’ ὦ f(X) = @ thenf~'(A’) = ©. 


There are a number of relations concerning the sets /(A), f~ ‘(A’) 
defined in (1.2.1), (1.2.2). 
Ifd co Bc Xthen 


14) S f(B). (1.2.3) 

If A,,A, S X then 
Τάς Az) = f(Ay) VS(A2), (1.2.4) 
but ΚΑΙ τι A2) Ξ 4) 7.44). (1.2.5) 


The results (1.2.4), (1.2.5) extend to the union and intersection of 
any number of subsets of X; thus if {A,:A ¢A} is a collection of 
subsets of XY, then 


κι Ad) = U FAD): (1.2.6) 
AeA AEA 

and fC) A) « Ωρ. (1.2.7) 
aeA AeA 


The corresponding results concerning f~* are better behaved. 
If A’ ¢ B' c X' then 


f(A) δ (1.2.8) 
If A;,A, Ξ Χ΄ then 
f~ "Ay Vv Ag) =f (Ai) υΥ (AB) (1.2.9) 
and Αι 0 AX) = ῦ (Ay) OF 7 (3). (1.2.10) 
More generally if {A4,:2 € A}is a collection of subsets of X’, then 

Γι AD = UF AD, (1.2.11) 

AeA AcA 
and χ᾽ ἢ 4D = 1) F7 (AD. (1.2.12) 

AeA AcA 


ForanysetA ¢ X, 


fo {f(A} 5 A; (1.2.13) 
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there is equality for every set A τ X if and only if / is injective. 
Foranyset dA’ ες X’, 


ΓΑ. Ε A: (1.2.14) 


there is equality for every set A’ © X’ifand only if 77 is surjective. 
Finally, if A’ © X’ then 


f7\(X'-A’)) = Χ- (A). (1.2.15) 


1.3 Equivalence relations 


Let X, X’ be non-empty sets; then roughly speaking A is a relation 
from the elements of X to the elements of X’ if, for each x in X¥ and 
each x’ in X’, either x 15 related to x‘ in the manner prescribed by R, 
or it is not so related. More formally we may define a relation as 
follows. 

Let X, X’ be non-empty sets; if a rule is given, by which to each 
x in X there are assigned elements x’ in X’, then this rule is said to 
be a relation from X to X'. (Note that the rule may assign no elements 
of X’ to a given x in X.) If the relation is denoted by R then we write 
xRx' if x is related to x’. 

As for the definition of a function we can give the following 
alternative definition of a relation. 

Let X, X’ be non-empty sets; any subset of ΧΙ x X’ is said to be a 
relation from X to Α΄. If the subset is denoted by Κα, then we say that 
Ris arelation from X to X’; we write xRx’ if (x, x’) Ε R. 

For our purposes either definition of a relation is acceptable and 
the reader should adopt whichever he prefers. 

Henceforth we shall consider only relations R from a set X to 
itself; we then say that Risa relation in X, 

Let R be a relation in X. If xRx for all x in X, R is said to be 
reflexive; if xRy implies yRx, R is said to be symmetric; if xRy and 
yRz imply xRz, Καὶ is said to be transitive. If R is a relation in X¥ 
which is reflexive, symmetric and transitive, it is called an equivalence 
relation. In this case the symbol Ris usually replaced by ~. 

Next we need the idea of a partition; this is straightforward. 
Let X be a non-empty set; then a class {X,:A4¢A} of non-empty 
subsets is called a partition of X if 

[J X,2 χ 


AeA 


$$ 1.4, 1.5 PRELIMINARIES 7 


and, for any pair of elements A, A’ οἵ A, either Y, = X,- or 
Χ 0 X,, = @. Thus each x in X belongs to one and only one of the 
distinct members of {X,:4 € A}. 

Let X be a non-empty set, and let ~ be an equivalence relation 
defined in X; let x ¢ X. Then the set of all elements y in X such that 
x ~ y is called the equivalence class of x with respect to ~, and will 
be denoted by E£,; thus Ε, = {y:x ~ y}. 

We can now state the following important result. 


THEOREM 1.3.1. Let an equivalence relation ~ be defined in the 
set X; then the collection {E,.:x € X} of all equivalence classes (with 
respect to ~) is a partition of X. Furthermore, if x,y ¢ X, then 
Ε, = E, if and only ifx ~ y. 


For a discussion of equivalence relations and a proof of the above 
theorem see Herstein (1964), pp. 6-8. 


1.4 Countability 

A set X is said to be countably infinite if there exists a bijection from 
X onto N; if a set is either finite or countably infinite it is said to be 
countable. A set which is not countable (so must be infinite) is said 
to be uncountable. 

Thus a set A is countable if and only if it can be wriiten as a 
sequence (d,,4,...) where each a;¢ A, and each element of A 
appears as an qj. 

The following results can be established. 


(i) If A is a countably infinite set and B is an infinite subset of A, 
then B is also countably infinite. " 
(ii) The set of all rational numbers is countably infinite. 
(iii) The set of all real numbers in [0, 1] is uncountable. 
(iv) The union of a countable collection of countable sets is also a 
countable set. 
(v) If the sets X,,..., X, are countable, then so also is the set 
Ky Χ.. ΧΑ, 


1.5 The real number system 

For our purposes the real number system is defined as any set of 
elements which satisfies the algebraic field axioms, the linear ordering 
axioms, and lastly the least upper bound axiom. These are listed in 
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detail below. Starting from the natural numbers it can be shown, 
although it is a lengthy process, that there does exist a set R of 
elements which satisfies these axioms, and moreover R is essentially 
unique. 


I. The field axioms. 
A (i) For any x, y in R there is defined an element of R, called the 
sum of x, y and which will be denoted by x + y. 
(ii) x+y = y+xforall x, yin R. 
(iii) x+-(y+z) = (x+y)+2 forall x, y, zin R. 
(iv) There exists a (unique) element of R, denoted by 0, such that 
x+0 = xforall xin R. 
(v) To each x in R there corresponds a (unique) element of R, 
denoted by —x, such that x+(—x) = 0. 
B (i) For any x, y in R there is defined an element of R, called 
the product of x, y and which will be denoted by x.y or xy. 
(ii) xy = yx forall x, yin R. 
(iii) x(yz) = (xy)z for all x, y, zin R. 
(iv) There exists a (unique) element (not 0) of R, denoted by 1, 
such that].x = xforall xin R. 
(v) To each x in R such that x τέ 0, there corresponds a (unique) 
element of R, denoted by x~* (or 1/x), such that x.x7* = 1. 


C x(y+z) = ΧΡ ἜΧΖ forall x, y,zinR. 


II. The linear ordering axioms. 

(i) There is defined a relation in R, denoted by <, such that 
for any x,y in R, one and only one of the possibilities x < γ, 
x =y,y < xholds. 

(ii) Ifx < yand y < zthenx < z. 

(iii) Ifx < ythenx+z < y+zforallzinR. 

(iv) Ifx < yand0 < zthen xz < yz. 

If x < y or x = y we write x < y; if it is not true that x < y 
then we write x « y. In view of (i), x <y is equivalent to y £ x. 
We also write y > x to mean the same as x < γ. 


Before stating the final axiom for R, we need to define some 
terms. Let S be a non-empty set of real numbers. 


—— - 
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If there exists M such that x < M for all x in S, then M is said to 
be an upper bound of S and S is said to be bounded above. If there 
exists m such that x > m for all x in S then m is said to be a lower 
bound of S and S is said to be bounded below. If S is bounded both 
above and below it is said to be bounded. 

Now suppose that δ᾽ is bounded above. If there exists K such that 
Kis an upper bound of S, and Καὶ < K’ for any upper bound K’ of S, 
then Καὶ is called the /east upper bound, or supremum, of S. We denote 
it by lub S or sup S. 

Similarly suppose that S is bounded below. If there exists k such 
that Καὶ is a lower bound of S, and k > k’ for any lower bound k’ of 
S, then k is called the greatest lower bound, or infimum, of S. We 
denote it by glb S or inf 5. 

A question which naturally arises at this stage is, if S is a set of 
real numbers which is bounded above, does S necessarily possess a 
least upper bound? We would like the answer to this question to 
be ‘yes’ in order that the set R should have many properties which we 
intuitively expect of it; however that this is the case cannot be 
deduced from the above axioms for a linearly ordered field. Instead 
we must take the result (or some equivalent statement) to be our 
final axiom. It is this axiom which distinguishes R from a number of 
other sets which satisfy the axioms I, II. 

We now formally state the last axiom. 


Il. The least upper bound axiom. 


Any non-empty set of real numbers which is bounded above 
possesses a least upper bound. 


It can be deduced from III that any non-empty set of real numbers 
which is bounded below possesses a greatest lower bound (and 
conversely). 

Next we state some results concerning suprema and infima. 


LeMMA 1.5.1. Let S be a non-empty set of real numbers which is 
bounded above. Then K = sup S if and only if 

(i) x < K for all x in S, and 

(ii) given any e > Ὁ there exists x in S such that x > K—e. 


There is a similar equivalent characterization of the infimum of a 
set which is bounded below. 
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LemMA 1.5.2. (i) Let A, B be any two non-empty sets both of 
which are bounded above. Then A v B is bounded above, and 


sup (A ὦ B) = max (sup A, sup 8). 


(ii) Let A, B be any two non-empty sets both of which are bounded 
below. Then Av B is bounded below, and 


inf (A ὦ B) = min (inf A, inf B). 


There are no analogous results concerning the intersection of two 
sets. 


LEMMA 1.5.3. If A is bounded above and @ τ Bc A, then B is 
bounded above, and sup B <sup A. If A is bounded below and 
@ < Bc A, then B is bounded below, and inf A < inf B. 


LeMMA 1.5.4. Let A, B be any two non-empty sets and let 
A+B = {at+b:aeA,be B}. 
If A, B are bounded above, then so also is A+B and 
sup (A+B) = sup A+sup 8. 
If A, B are bounded below, then so also is A+B and 
inf (A+B) = inf A+inf B. 


Let f:X — R be a function such that the set {f(x):xe X} is 
bounded above. Then sup {/(x):x € X} will also be written as 


sup f(x), 


xeX 


or sup, f(x) when no confusion can arise. 


LEMMA 1.5.5. Let f, g be two real-valued functions defined on a 
common domain X. If the sets 


{f(x):xeX}, {e(x):xe X} (1.5.1) 
are bounded above, then so also is 
(f(x) +9(x):x € X} (1.5.2) 
and sup, {/(x)+g(x)} < sup, /(x)+sup, g(x). (1.5.3) 
If the sets (1.5.1) are bounded below, then so also is (1.5.2) and 
inf, {/(x)+2(x)} > inf, f(x)+inf, g(x). (1.5.4) 
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Strict inequality can occur in (1.5.3), (1.5.4). For example let 
X = [0,1] and let ἢ 5 be defined by f(x) = x, g(x) = —x; the 
details are left to the reader. 

Note particularly the difference between the Lemmas 1.5.4 and 
1.5.5. 


1.6 Concerning continuous functions and Riemann integration 
Throughout this section J will denote the closed interval [a, 5]. 

I. Continuity. 

Let /: X(¢ R) > R be a function. Let x, € X; if, given any e > 0 
there exists 6 > 0 for which |f(x)—f(xo)| < ¢ for all x in X such 
that |x—Xo| < ὃ, then fis said to be continuous at Xo. If f is con- 
tinuous at each point of X then fis said to be continuous over X. 

If, given any ¢ > Ὁ there exists ὃ > 0 for which |/(x)—/(x’)| < ε 
for all x, x’ in X such that |x—x’| < 6, where ὃ is independent of 
x, x’, then fis said to be uniformly continuous over X. 


THEOREM 1.6.1. Suppose that f:J - R is continuous over I. Then 
(i) fis uniformly continuous over I; 
(ii) the set f(I) is bounded; 
(ui) if M = sup ἢ, m = inf f(J), and ye[m, M], there exists 
x in I such that f(x) = y. 


Let Κα g be real-valued functions defined over a common domain 
X. Then we define the functions |f|, max (f, g), min (f, g) to be the 
real-valued functions defined over XY given by 

fle) = [Χο] 

max (f, g)(x) = max (f(x), g(x)), min (f, g)(x) = min f(x), g(x). 

If X is a subset of R, and if f, g are continuous at some point of 
X, or over X, then so are also the functions | f|, max (J, g), min (/, g) 
continuous there. The continuity of [7 | follows from the inequality 

II7C)|-|70)|] < [f@)-0)}- 
The continuity of max (f/, g) may then be deduced from the identity 
max (f(x), g(x) = H{|/)—a(x)| +) —2(x))}; 


similarly for min (/, g). 
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If f,,...,f, are m real-valued functions defined on a common 
domain X, then the functions max (jf, ...,/,), min(/;, .... Ὁ may 
be defined similarly. 


It is convenient to include here the following definition. 

Let X be an interval of the real line, and f: ¥ > R be a function. 
Let xo € X; if, for some /in R, given any e > 0 there exists 6 > 0 for 
which 
f(x)—-f(%o) 4] 


l 
X—Xpo 


for all x in X such that 0 < [χ-- χοί < 6, then f is said to be 
differentiable at Χο, and have derivative | there (usually denoted by 
J'(Xo)). If f is differentiable at each point of X then fis said to be 
differentiable over X. 


<8 


II. The definition of a Riemann integral. 
Let f:I — R be a function which is bounded over J. Let P be a 
partition 
α Ξρ χὺ “χὶ <¥, <1... <x, = ὃ 
of J; fork = 1, ...,n let 6, = x —X,-1, ἴ, = [χι-..ν, χχὶ, 
M, = supf(x), m, = inf f(x), 
xel, xel, 


and Spf) = Lip M5, Sp(f) = Le Mrs 


where δ᾽» denotes summation from k = 1 to k = π᾿. Then 


inf p S,(f), SUP p 5,0) 


both exist (since fis bounded), where the infimum and supremum 
are taken over the set of all partitions P of J; denote the infimum 
by j and the supremum by J. If j, J are equal, fis said to be Riemann 
integrable over I; the common value is called the Riemann integral 
of f over J and is denoted by 


aS (x) dx. 


There are two very important classes of functions which are 
Riemann integrable. 


THEOREM 1.6.2. If f:I — R is monotonic over I, or is continuous 
over I, then f is Riemann integrable over I. 
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Ill. The relation between integration and differentiation. 
THEOREM 1.6.3. 10:1 —~ R is Riemann integrable over I then the 
function F:I — R defined by 


F(x) =[*flt)dt (a<x <b) (1.6.1) 


(F(a) = 0) is continuous over I. 
If, furthermore, f is continuous over I then F is differentiable over 
I and F'(x) = f(x) for all x in I. 


If 71] + R is any Riemann integrable function, the function F 
defined by (1.6.1) will (also) be called the definite integral of f. If 
g:I + Risa function and G:J — R is a function differentiable over 
I such that G’(x) = g(x) for all x in J, then G is called an indefinite 
integral of g. 

The definite integral of a function over a given interval is unique 
(by its very manner of definition) but the indefinite integral is not 
unique (in both cases provided the integrals exist); however we do 
have the following elementary result. If ΟἹ] — R is an indefinite 
integral of a function g:J — R, then any function H:] > R of the 
form A(x) = G(x)+C, C a constant, is also an indefinite integral of 
g; furthermore every indefinite integral of g is of this form. 

It is an important feature of Riemann integration that it is not 
exactly the reverse process of differentiation. Thus if fis Riemann 
integrable over J then it does not follow that the function F defined 
by (1.6.1) is differentiable; for example if fis given by 


f(x) = Ὁ οἡ [a,c], f(x) = lon(e, δ], (1.6.2) 
where a < c < b, then / possesses a definite integral F given by 
F(x) = Oon [a,c], F(x) = x—c on(c, δ], (1.6.3) 


but this function is not differentiable at c. In the reverse direction 
there exist functions which are differentiable but such that the 
derivative is not Riemann integrable. 

However we have the following results. 


THEOREM 1.6.4. Let f:] — R be differentiable over I and let Γ΄ be 
Riemann integrable. Then 


fa f’(x)dx = f(b)—S(a). 


This may be reformulated as follows, 
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THEOREM 1.6.4’ (The fundamental theorem of calculus). Let 
fiI Ἀ be Riemann integrable over I and let f possess an indefinite 
integral G:I + R. Then 


aS(x)dx = G(b)— G(a). 


In view of this result the function f defined by (1.6.2) cannot possess 
an indefinite integral, for otherwise the latter must differ by a con- 
stant from the function F defined by (1.6.3). 

As a particularly important special case of Theorem 1.6.4’ it 
should be remembered that any function Κ which is continuous over 
1 is both Riemann integrable there and also possesses an indefinite 
integral there. 


IV. Convergence and uniform convergence. 


If (x,) is a real sequence and there exists x) for which, given any 
8.» 0, there exists N such that |x,—xo| < δ for all n > N, then 
(x,) is said to converge to the limit Χο as n > οὐ; we write x, > Xo 
asn— οὐ. 


An important result is as follows. 


THEOREM 1.6.5 (The Cauchy principle of convergence). The real 
sequence (x,) is convergent to some limit in R if and only if given any 
@ > 0 there exists N such that |x,,—x,| < ¢ for all m,n > N. 


THEOREM 1.6.6. Let f: X(S R) > Rand x, € X. Then f is continuous 
at Xo if and only if for any sequence (x,) in X such that x, -- Xo then 


Τὼ > F(X). 


Let (a,) be a real sequence, and let s, = a,+...+a,; if the 
sequence (s,) is convergent to the limit s, then the infinite series 


τ 
᾿ ΠΗ͂ ΞΞ ὦ. +az+... 


= 
i 
μπᾶ. 


is said to converge fo δ. 
When there can be no confusion, and for typographical reasons, 
we shall often write δ᾽, a, in place of 
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Clearly Theorem 1.6.5 can be reformulated to give a result for the 
convergence of an infinite series. 

If (x,) is a sequence of functions x,:7(¢ R) > R,neéN, and 
there exists a function χοῦ Γ — R for which, given any e > 0, there 
exists N such that |x,(t)—xo(#)| < ¢ for all n > N and all ¢ in T 
where N is independent of t in T, then (x,) is said to converge to X 
uniformly over T. 

Often we shall be interested in the case where T is a closed bounded 
interval. However it is stressed that the definition holds for any set 
T. Other cases which occur frequently are 7 = N and T = R. 

There are four basic results which we shall need concerning 
uniform convergence. 


THEOREM 1.6.7. Let (x,) be a sequence of functions x,:T(S R) - R, 
neéN, and let χοὶ τ > R. Suppose that x, τὸ Xo uniformly over Τὶ, 
and χ, is continuous over T for each n. Then Xo is continuous over T. 


THEOREM 1.6.8. Let (x,) be a sequence of functions x,:I + R,néN, 
and let x 9:1 ~ R. Suppose that x, — Xo uniformly over I, and x,, is 
Riemann integrable over I for each n. Then Xo is Riemann integrable 
over I and moreover 

lim f° χ, (ΟἹ = [ὃ xo(Odt. 


Theorem 1.6.8 can be reformulated to give a result concerning the 
term-by-term integration of a uniformly convergent series. 


THEOREM 1.6.9 (The Cauchy principle of uniform convergence). 
The sequence (x,) of functions x,:T(S R) > R is uniformly convergent 
over T if and only if given any ¢ > Ὁ there exists N such that 
[χ, (ἡ --  , ()} < eforallm,n > NandalltinT where N is independent 
of t in T. 

THEOREM 1.6.10 (The Weierstrass M-test). Let (x,) be a sequence of 
functions x,:T(S R) --- R and (M,) be a real sequence such that 
\x,(0)| <M, for all t in T and such that δ᾽, M, is convergent. Then 
the series δ᾽, χ, is uniformly convergent over T. 

Next we state and prove a special result which will be required 
later. 

THEOREM 1.6.11. Let J = [a,b], J = [c, d]. If 

(i) (g,) is a sequence of functions g,,:I — J which converge uniformly 
over I to a function g:I > J, and 
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(ii) the function h:IxJ— R is uniformly continuous over Ix J, 
then the sequence (f,) of functions f,:I -- R defined by f(t) = A(t, g,(t)) 
converges uniformly over I to the function f:I +R defined by 
S(t) = A(t, g(t)). 

Proof. Given any ¢ > 0, there exists ὃ > 0 for which 

|A(t, s)—A(t, 5 < e 


for all s,s’ in J such that |s—s‘| < 6, where ὃ is independent of s, s’. 
Furthermore, for this 6, there exists N such that |g,()—g(r)| < ὃ 
for all n > N and all ὁ in J, where N is independent of t. Hence 


JACt, 5,(()) A(t, g(0))| < ε 
for all η > N and all ¢ in T. 


1.7 Negation 

Many proofs in mathematics are proofs by contradiction: thus in 
order to prove that some mathematical statement Q is true, it is 
supposed that Q is false, and from this some other statement which 
is obviously untrue is deduced. In many cases Q is a proposition 
which involves the quantifiers ‘given any’ (which is the same as ‘for 
any’ or ‘for all’) and/or ‘there exists’ (which is the same as ‘for 
some’). 

For example, Q might be of the form ‘given any δ > 0, P(e) is 
true’, where P(e) is a statement involvings (this appears, for example, 
in the definitions of limits and continuity). The negation of this is 
‘there exists at least one δ > 0 (say δρ) such that P(e,) is false’. It is 
essential to note that we need only one 8 > 0 for which P(e) is false, 
and we do not require that P(e) be false for all ¢ > 0. 

Another general form whose negation will be required is ‘there 
exists N such that P(N) is true’; the negation of this is ‘for all N, 
P(N) is false’. 

These two negations are often all that are required to set up the 
negation of quite complicated mathematical statements; they may, 
however, have to be applied more than once in a given case. 

As an example of this we construct the negation of ‘given any 
é > 0 there exists N such that |a,—a| < ¢ whenever n > Ν᾽, The 
negation of this is ‘there exists at least one 8 > 0 (say δο) such that 
it is false that there exists N such that |a,—a| < ¢9 whenever n > Ν᾽; 
that is “there exists at least one ¢ > 0 (say g,) such that for all Nit is 
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false that |a,—al < δρ whenever n > Ν᾽, Finally this is equivalent 
to ‘there exists at least one 8 > Ὁ (say &9) such that for all N, 
Ια, -- αἱ! eo for at least one n > Ν᾽. 

But clearly ‘for all N, |¢,—a|>e9 for at least one n > Ν᾽ is 
equivalent to ‘|¢,—a|> δο for an infinite number of values of 7’. 
Thus we have established : 


ΓΈΜΜΑ 1.7.1. The sequence (a,) does not converge to a if (and only if) 
there exists at least one 8 > Ὁ (say &) such that, either 

(i) for any N, there exists at least onen > N for which |a,—a| > 80» 
or 

(ii) Ια, --αἱ > €9 for an infinite number of values of n. 

Similar formulations can be made for the negations of statements 
involving uniform convergence and of continuity; for the latter we 
have 


LEMMA 1.7.2. The function f: X(S R) > R is not continuous at the 
point Xp if and only if there exists at least one ¢ > 0 (say &9) such that, 
either 

(i) for any 6 > 0, there exists at least one x for which [χ -- χοὶ < ὃ 
and [f(x)—f(xo)| > δρ» or 

(ii) | f(x)—f(xo)| > &0 for some x arbitrarily close to xp. 


1.8 Minkowski’s inequalities 
In this section we establish some inequalities due to Minkowski; in 
order to do this it is first necessary to derive some preliminary 
inequalities, Minkowski’s inequalities will be required in Chapter 2 
in some of the examples of metric spaces given there. 

LemMa 1.8.1. Jf p > 1, q is defined by \/p+1]q = 1 and a > 0, 
b > 0 then 


qilPp tia «5.5 (1.8.1) 


Proof. Let f:[0, 00) + R be defined by 
S(t) = t?—at+a-1 
whereO < a < 1. Then/’(¢) = a(t*~*—1)sothat/(1) = 0,f’(1) = 0, 
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f(>0 if 0<1< 1, and f(t) < 0 if t > 1; hence f(t) <0 for 
t>0. 

The inequality (1.8.1) clearly holds for b = 0, so assume b > 0. 
Set ¢ = a/b and « = 1/p; then 


e, fay" te 1 | 
Ap) πῶ 
Multiply by 5 and use 1/p+1/g = 1; then (1.8.1) follows. 


THEOREM 1.8.1 (Hdlder’s inequality for finite sums). Jf p > 1, q is 
defined by 1/p+\/q = 1 and x,, ..., X_3 Vy, εὐ Y_ are real (or com- 
plex) numbers, then 


ΣΙ υὶ < {dbl ΠΣ νι)". 


Proof. For brevity set 


X= Sled, Y= (Cll where ΣΙ ἘΣ 


ες Ἦ 
Since the result is trivial if ¥ = 0 or Y = 0 we assume that X > 0, 
Y > Ὁ and set 


aj = |x, |?/X?, b; = ly ¥4, J = Ι, ...Ἀ ἢ. 
Then by Lemma 1.8.1 we have 


Ixyyj| αἱ by 
XY “717: 


hence 
Σιίχρ 1 ly αὐδῇ 
ὑπο. S-—4) ,Ω, Ἔ- b,} τὸ - Ἐπ = ]. 
ὙΤ ΟΣ ut δι i} rye 


When p = g = 2, Hdlder’s inequality reduces to 


n 2 n n 
.» "ὦ ban [2 
ἰξρνὴ" «(δ μὴ} (En. 
which is known as Cauchy’s inequality. 
We are now in a position to derive the two inequalities which we 
shall require. 
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THEOREM 1.8.2 (Minkowski’s inequality for finite sums). Jf p > 1 
and Χγ, ...., Χρὶ Vis «++ ¥, are real (or complex) then 


ΙΣ x+y 1/p < { > bt ee [Σιν <4 192) 


Proof. First observe that (1.8.2) is self-evident when p = 1, so 
assume that p > 1. Clearly 


{¥|xi+y,]?}” -ς {¥(|x;| + ly |)?}1/?; 
but 
(|x;| + ly)? = Ix,|(|x, τ \yi{)P~ op lyl(|x:| + ly)? 
so that 
Σ [χε + ly)? = Σά[α Κ|χ| + ly )P~ :} 
ἘΣ χα {εἰν ). (..8.3) 


Apply Hélder’s inequality to the first sum on the right side of (1.8.3); 
it follows that 


Likled (e+ [yi < (ΣῊ. ΙΣ + |»)? 14 
- {ΣΙ ΡΟΣ Κ᾿ {π|ν»Ὁ}»}}.. 


There is a similar result for the second sum on the right side of (1.8.3). 
Hence 


Di(lx| +»)? < [{Σ 5} ΡῈ (ΣΡ. Σ (xe + [yd)?} 


Assume that x;, y; are not all zero (for then (1.8.2) is trivial); then 


¥i(lxi| + yi)? 4 0, 
and (1.8.2) follows. 


Lastly we extend the result to (convergent) infinite sums. 


THEOREM 1.8.3 (Minkowski’s inequality for infinite sums). Jf 
p > | and (x,), (y,) are real (or complex) sequences such that 


o oO 
Ρ ' |p 
2 bl? 2 i 
are convergent, then 


Σ butyl? (1.8.4) 
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is convergent, and moreover 
0 ἡ" cb jp [ὦ /p 
[ΣΙ κεν} < {> Dy -- [ΣΙ vib ἢ 15 
Proof. For any positive integer n we have 
n i/p it 1}Ρ rt i/p 
7, μιν - > xP + ΣᾺ my 
i=] i=] i=] 
τυ 1} oo l/p 
< { > belt + {> br ; 


from this follows the convergence of (1.8.4) and the inequality (1.8.5). 


2: BASIC TERMINOLOGY 


2.1 Definition of a metric space 
When studying the analytic properties of the set R of all real numbers 
it is clear that an important role is played by the distance function, 
that is, the function whose value is |x—y| for x, y in R; similarly 
the corresponding distance function in the real plane R? (or any 
higher dimensional real space ἈΠ, m > 2) is fundamental to the 
analytic study of R* (or ἈΠ). In particular the very important 
concept of convergence depends essentially on the concept of 
distance, The three basic properties, which the distance function for 
R satisfies, are 
(i) |x—y| > Ὁ for all x,y in R, with equality if and only if 

oe Fi 

(ii) |x—y| = |y—x| for all x, y in R; 

(iii) |x—y| <|x—z|+|z—y| for all x, y, z in R. 
There are, of course, exactly corresponding properties for R? or R™. 

There are many other sets of elements for which distance functions 
can be defined, that is, functions which satisfy properties of the same 
form as (i)-(ili); a number of explicit examples are given in §2.2, 
one of which we mention now. Let J = [a, 8], and let @(J) denote 
the set of all real-valued functions which are defined and continuous 
over the closed interval J; let x, ν ε @(J) and call 


sup [x(0)—»(0) 
tel 
the distance between x and y. Then it is clear that 


sup, |x(t)— (| = 0, 
with equality if and only if x(t) = y(t) for all 1 in J, that is x = y; 
trivially 
sup, |x(t)—y(t)| = sup, |»(4)—x(@)| 
for all x, y in @(J). Lastly using (iii) it is easily established that 
sup, |x(t)—y(4)| < sup, |x(#)—2(4)| +sup, |z()—y(0)| 
2] 
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for all x, y, z in @(/). Thus we have a real-valued function, defined 
for all pairs of elements of @(J), which satisfies relations analogous 
to (i)-(ili). Thus we expect that all the properties of R which follow 
from (i)-(iii) alone, can be translated into results about ¢(J). This is 
indeed the case. In this way our knowledge of R is of great use in 
the study of @(J). We have specifically mentioned this set because 
of its obvious importance; however there are many other examples of 
sets for which a distance function satisfying relations analogous to 
(i)-(ili) can be defined. 

Consequently it is of interest to investigate the properties that an 
arbitrary set X will possess if it is endowed with a distance function, 
but for which set no further assumptions are made, at least initially. 
A distance function as informally defined above is usually referred 
to as a metric function, which term will be used throughout this text. 

We thus arrive at the following basic definition. 


DEFINITION 2.1.1. Let X be a non-empty set. If there exists a 


mapping p: Xx X¥ — R such that 


(i) p(x, y) > 0 for all x, yin X, with equality if and only if x = y, 
(il) p(x, y) = p(y, x) for all x, y in X, 
(ili) p(x, y) < p(x, z)+p(, y) for all x, y, z in X, 


then the pair (X, p) is called a metric space, and the function p is 
called the metric of (X, p). 

The elements of the set X are also called the points of the metric 
space (X, p). The axioms (i)-(iii) are called the metric space axioms; 
in particular, (ii) is the axiom of symmetry, and (iii) is the triangle 
inequality axiom. 

Note that it is possible to associate with a set Y more than one 
metric; if p,, ρ are two metrics for X then (X, p,), (X, p2) are two 
distinct metric spaces. In §2.2 we give examples of such situations. 

Suppose that (X, p) is a metric space and Y is a non-empty subset 
of Χ΄. Then the restriction py of the function p to the set Yx Y will 
serve as a metric for Y, since trivially it must satisfy the metric 
axioms over Y; thus (Y, py) is also a metric space. (In accordance 
with the notation concerning restrictions introduced in §1.2, strictly 
we should have written py, y and not py.) When no confusion can 
arise we may sometimes write (Y, p) instead of (Y, py). 

Probably the first results concerning metric spaces were those 
contained in Fréchet’s doctoral thesis (1906). 
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EXERCISES 2. | 
1. Let X be a non-empty set and p:¥x X¥ — R be a mapping such 
that 

(a) p(x, y) = Oif and only if x = y; 

(6) p(x, 2) < p(y, x)+ p(y, 2) for all x, y, z in X, 
Deduce that p is a metric on X. [Thus the three axioms for a metric 
space given in §2.1 could be replaced equivalently by two axioms, 
namely (a) and (6); we preferred not to do this in order to retain the 
conventional form for the axioms.] 


2. Let Χ = R and define p:Rx R > R by 
|x—y|+1, if exactly one of x, y is strictly positive, 
p(x, y) = 
|\x—y|, otherwise; 


prove that (XY, p) is a metric space. 


3. Define p:Rx R — R by p(x, ») = |x—y|?. Show that p is not a 
metric on R, 
4. (i) Verify that 2/(1+) is an increasing function of A for ἃ > 0. 
(11) If A, μ᾿ are non-negative real numbers show that 
A+ A 
-::-.- «-Ξ 1. 
l+A+tp 1+A +p 
(iii) Let (X, p) be a metric space; define ρ΄: ¥x X > R by 
p(x, γ) 
1+ p(x, y) 
Show that p’ is also a metric on X. 


p(x, ») = 


5. Let X = R? and define p: Xx X¥ > R by 


{(x,— 1)? +(x2.—y2)’}*, if x, y are collinear with the 
p(x, y) = origin, 
(xi+23)?+(07+y2)%, — otherwise, 


where x = (x,, 2), ἡ = (y1, 2). Show that (X, p) is a metric space. 
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6. Let ¥ = ΚΖ and define p: Xx X — R by 

ἰχ2-- ) if xy =yy 
\x,—y,|+|2| +] ν᾿] if x1 ¥ 91 


where x = (x,, X2), ¥ = (Ὁ. V2). Show that (X, p) is a metric space. 


p(x, ¥) = 


7. Let (X, p) be a metric space. Is (X, p”) a metric space? Is (X, p*) 
a metric space? 


2.2 Examples of metric spaces 


In the examples given below much of the verification of the metric 
space axioms is left to the reader. 


(i) Let X= RK and p(x, y) = |x—y|. 


(ii) Let X = R”™ (the set of real m-tuples); let x = (x4, ..-, Χο), 
y = 1, sonata and define 


p(x, y) = [> κι] 


To verify the third axiom, apply Minkowski’s inequality (with 
p = 2)to the numbers x;—z,, i = 1, ..., mand z;—y,;, i = 1, ...,m. 


+ 


In (i) and (ii) the metric is the ‘usual’ distance function; this will 
henceforth be called the Euclidean metric and be denoted by d 
(irrespective of the dimension m). 

We now give some examples in which the metrics are rather 
different; first there is an easy generalization of (ii). 


(iii) Let X¥ = R”, and define 
m 1/p 
p(x, ») = (> μιν} (2.2.1) 


where p > 1. To verify the triangle inequality axiom, again use 
Minkowski’s inequality. 
(iv) Let X = R™, and now define 


p(x, y) = max [χ,--) . 
isgism 
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The previous two examples illustrate the fact that there can exist 
more than one metric associated with a given set X; in (iii), for each 
different value of p(> 1) we have a different metric, and thus we 
have an infinite number of metric spaces all with the same under- 
lying set R™. 

(v) Let X be any non-empty set, and define 
Of x=—y, 
Ax, y=) . 
1 if xy; 
p is called the standard discrete metric for X. 


(vi) Let X¥ = ἐν, the set of all real infinite sequences (x,) such that 


oo 
Σ μιν < 00, 
i=1 


where p > 1. Let x = (x,), y = (7) be two elements of 7”, and define 
on | 1/p 
p(x, y) = { > κι] . 


It is stressed that for p to define a mapping of Xx X into R it is 
necessary that p(x, y)¢R for all x, y in X. Hence in the present 
example the infinite series by means of which p is defined must be 
convergent for all x, y in X; for otherwise p(x, y)¢R. Now by 
Minkowski’s inequality for infinite series we have 

p(x, ¥) < {Ei [xP + ilyil?H? < 0, 


and so p(x, y) Ε R for all x, y in X. 
To verify the third metric axiom again use Minkowski’s in- 
equality. 


(vii) Let X = #, the set of all bounded sequences, that is all 
infinite sequences (x,) such that 


sup |x;| < οὐ, 
ieN 
and define p(x, y) = sup |x,—y)]. 
ieN 
Then 
p(x, y) < sup; (|x;|+| yi) < sup; |x;| +sup, |y,| < 0, 


and so p(x, y) € R for all x, y ina. 
B 
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Next three examples will be given in which the elements of ¥ are 
functions; in each example J will denote the closed interval [a, 5]. 


(viii) Let αὶ = ¢(J); for x, y ε @(J) define 
p(x, y) = sup ἰχ(ἢ -- γί]. (2.2.2) 


It is left to the reader to show that p(x, y) ε R for all x, yin @(/); 
the verification that the axioms are satisfied was carried out in §2.1. 


(ix) Let X = 9951), the set of all functions x :J > R which are 
bounded over J; let x, y ε B(I), and define p(x, y) as in (2.2.2). Then 
(991), p) is a metric space. 

Of course the metric space of (viii) is a subspace of that of (ix). 


(x) Let X¥ = (J), but now define 


p(x, γ) = Jo [χ(ἡ -- γ(ἡ) dt, (2.2.3) 
for any x, y in @(J). 
if x, » ε (ἢ then |x— y| € (J), the integral defining p(x, y) is 
finite, and (€(J), p) is again a metric space. 


In the above examples we could have taken our basic set to be the 
set C of complex numbers instead of R. Thus, for example, the set 
C” with p given by (2.2.1) where x, y are now elements of C™, defines 
a metric space. Likewise the set of all complex-valued functions 
which are defined and continuous over J with p defined by (2.2.2) or 
(2.2.3) form a metric space. 

Having made this comment we shall not refer to these complex 
cases again but assume that the reader can make the necessary 
variations for himself. 


EXERCISES 2.2 


1. Let X be the set of all functions x : J + R which are Riemann 
integrable over J and let ρ: [Χ] — R be defined by (2.2.3). Is ἃ 
metric on Χ 7 | 


2. Let(Z,, p;),i = I, ..., mbe metric spaces, and ¥ = X, x... x os 
let x = (%4, ..., Xm), » = (V4, «+5 Ym) Where X;, ¥; € X, and define 


p(x, y) = ma ρίχ, Yi), p(x, y) = ¥ px, γὺ. 
sigm i=1 


Show that (X, p), (Δ΄, ρ΄) are metric spaces. 
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Discuss this in relation to the metric spaces given in (i)-(iv) of 


§2.2. 
Give further metric functions that may be associated with the 


set X. 

3. Let X be the set of all real sequences; let x = (x), y = (y,) and 
define 

1 Ixi—yil ς 


With the aid of Exercise 2.1.4, show that LX, p) is a metric space. 


4. Let X be the set of all real sequences; let x = (x,), y = (y,), and 
define 


oo 


τ Ue 
p(x, ¥) a 5 min (\x;—y;|, 1). 


Show that (X, p) is a metric space. 


2.3 Convergence 

It has already been mentioned that convergence of sequences in 
Euclidean space is a concept which depends only on ‘distance’; we 
can therefore expect to be able to define convergence in general 
metric spaces. This is done very simply as follows. 


DEFINITION 2.3.1. A sequence (x,) of elements of a metric space 
(X, p) is said to converge in (X, p) if there exists x in X such that 
p(x,, x) 2 Ὁ ἃ5 ἢ -- oo, We then write x, — x asm — οὐ or 


lim x, = x, 


na oO 


and call x the limit of the sequence (x,). 
If no confusion can arise we may omit reference to n > οὐ. 
We can immediately deduce two results. 


LEMMA 2.3.1. If x, — x and y, - Ὁ y in the metric space (X, p), then 
P(Xn» Yn) > P(X, Y). 
Proof. For this we need the inequality 
Ιρία, »)— plz, u)| < p(x, 2) ἘρΟ; τὸ (2.3.1) 
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where x, y,z,ueX. To prove (2.3.1), we have, by the triangle 
inequality 


p(x, ») < p(x, z)+p(z, ») < p(x, z)+ plz, u)+ plu, y) 
so that p(x, y)—p(z, μὴ < p(x, z)+ p(u, y). 
Similarly p(z, u)— p(x, y) < p(z, x)+ p(y, uv), 
so combining these two results, (2.3.1) follows. Therefore 


P(X ns Vn) — p(x, y)| - P(Xns x) +P(Vny y). 


Since x, τὸ X, y, > y, it follows that p(x,, y,) + p(x, y). 
(We shall need the inequality (2.3.1) again.) 


LEMMA 2.3.2. If the sequence (x,) converges in the metric space 
(X, p), then its limit is unique. 


Proof. Suppose that x,-— x and x,— x’ for some elements 
x, x’ of X. By the triangle inequality 


0 < p(x, x’) < p(x, x,)+ p(x, x’); 
letting n -- οὐ, it follows that p(x, x’) = 0so x = x’. 


The classical definition of uniform convergence for sequences of 
real (or complex) valued functions is also readily extended to general 
metric spaces. 


DEFINITION 2.3.2. Let (X, p) be a metric space, and let (7) be a 
sequence of functions defined on some set Y and taking values in X, 
If, for each y in Y, the sequence (/,(y)) converges in (X, p), then the 
sequence {70 is said to converge in (X, p) pointwise over Y. 

If (f,) converges pointwise in (X,p), there exists a function 
fo: ¥Y > X such that f(y) - (Ὁ) for each y in Y. Let the sequence 
(F,,) of functions F,: Y + R be defined by 


Fy) = p(t): fo); 


if F,(v) 2 0 uniformly over Y, in the classical sense, then the 
sequence (/,,) is said to converge in (X, p) uniformly over Y. 

If there can be no ambiguity we may omit reference to either one 
or both of (X, p), Y. 

Suppose that the sequence (/,) is defined as in Definition 2.3.2; 
then it is uniformly convergent over Y if (and only if) given any 
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e > 0, there exists N such that p(/,(y), fo(y)) « ¢ for alla > N and 
all yin Y, where N is independent of y. 

Again suppose that (/,) is defined as above, and that it is not 
necessarily uniformly convergent over Y. Let Y’ be a subset of Y 
and g, be the restriction of f, to Y’; if (g,) converges in (X, p) 
uniformly over Y’, we may also say that the sequence (/,) converges 
in (X, p) uniformly over Y’. 


EXERCISES 2.3 


1. Let (x,) be a convergent sequence in a metric space (X, p), and 
let i be a fixed positive integer; show that (p(x;, x,)) is a bounded 
real sequence. 


2. Let (x,) be a sequence in a metric space (X, p) such that the three 
subsequences (X>,), (X2,+1), (X3,) are all convergent. Deduce that 
(x,,) is convergent. 


2.4 Examples concerning convergence in metric spaces 

It is illustrative to examine how the definition of convergence in a 
metric space applies to some of the examples of §2.2; the Roman 
numerals below correspond to those of §2.2. 

Throughout this text, whenever any metric space (X, p) is being 
considered in which the elements of X are either finite or infinite 
sequences, a sequence of points of X will be denoted by (x) 
instead of the usual (x,); this is done to avoid confusion between 
the index m and the subscripts of the members of the individual 
sequences. In particular this will apply to examples (ii)-{iv), (vi), 
(vii) of §2.2. 


(i), (ii) X = R, R”, and p is the corresponding Euclidean 
metric; then convergence in these metric spaces is, by definition, the 
classical concept of convergence. Henceforth a sequence which 
converges in a Euclidean metric space will be said to converge in the 
Euclidean sense. 

(iii) X = R”, and 

p(x, y) = {Lilai—yi]?}"”. 
Let x™ = (x™, ..., x); if x — x in (X, p), then 


{> |x? —x,|?} 1/P _, 0, 
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so that x{” + x,, i = 1, ..., m. Conversely, if xf” -> x, for each i it 
follows that x — x. Thus x — x in this metric space if and only 
if x — x in the Euclidean sense. 


(iv) X = R”, and p(x, y) = max, |x,—y,]. It can again be shown 
that x” — x in this metric space if and only if x —+ x in the 
Euclidean sense. 


(v) X is any non-empty set, and p the standard discrete metric. 
Let (x,) be any sequence in (X, p); then 
rae 1 a Xi aw; 
ρίχ. X) τῷ 
Ὶ 0 if x,=x. 


Thus x, — x in (X, p) if and only if all the x,, except possibly for 
an initial finite number, are equal to x. 


(vi) X = ἔν, and 
p(x, ¥) = {Lilei—yil?}?; 
let x = (xf, x”, ...) so that 
p(x, x) = (ΣΙ μέ αν 
If x — x in (X, p) then, given any e > 0, there exists N such that 
Yi lxfP—x]? < 2? —foralln > N, 


so that |x{”—x,|? < εν for alln > N,i = 1, 2, ... and thus x! = x, 
(i = 1, 2, ...) in the Euclidean sense. 
However the converse is not true; for example, consider the 
sequence x{") = x,+6,,, where 
l if i=a, 
Oi = | 
O Wm ist n. 
(vii) X = m, and p(x, y) = sup; |x,—y;|; let x = (xP, x®, ...) 
so that p(x, x) = sup, |x{—x;|. If x > x in this metric space 
then, given any ¢ > 0, there exists N such that 


sup; [χ ἢ τα <e  foralln>N, (2.4.1) 
50 Ixf—x,|<e  foralln>N, i=1,2,..., (2.4.2) 


and thus x{" - x, (i = 1, 2, ...) in the Euclidean sense. In fact this 
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convergence is uniform with respect to i; for N is independent of i 
in (2.4.1), so the same is true in (2.4.2). 

Conversely if the sequences (x{”) converge in the Euclidean sense 
as n — οὐ, uniformly in i, and x!” — x,, say, then x — x in (X, p) 
as n — 00. This follows immediately by reversing the above steps. 


(viii) X = Φ(Π), and p(x, y) = sup, |x()—y(H)|. Suppose x, > x 
in (X, p); then given any ¢ > 0, there exists N such that 


sup, |x,()—-x@|<e  foralln > N, 


so |x,(t)—x(t)| < ¢ for all n > N, t € J, where N is independent of t. 
Thus x, ~ x uniformly over J in the classical sense which, again, 
will be referred to as the Euclidean sense. 

Conversely if the sequence (x,,) converges, as ἢ ~ 00, uniformly 
over J in the Euclidean sense, where x, Ε @(J), then (x,,) converges in 
(@(1), p). This follows immediately by reversing the above steps, and 
using Theorem 1.6.9. 

(ix) X =A(J), and pisdefined by the supremum metric as in (viii). 
Then, as in (viii), x, - x in this metric space if and only if x, + x 
uniformly over J, in the Euclidean sense. 

Thus (x,) is a convergent sequence in (A(J), p) if and only if (x,) 
is convergent (in the Euclidean sense) uniformly over J. For this 
reason the supremum metric is sometimes called the uniform metric. 


(x) X¥ = @(D), and 
p(x, y) = [Ὁ |x(t)—y(O)| αἱ. 
Thus, if x, - x in this metric space, then 
[δ |x,Q)—x@)|dt +0 asn— oo. 

We give an example to show that convergence in this metric space 
does not imply pointwise convergence in the Euclidean sense. 

Define a sequence (x,) in ἢ by 

nt—a) for a<t <a+l/n 


x(t) = 
l for at+li/n<t <b; 


let x be defined by x(t) = 1 fora <t <b. Then p(x,, x) = (2n)™? 
so p(x,, xX) > Ὁ as n— οὐ; that is x, — x in this metric space, But 
x, (a) = 0, so x, does not converge to x pointwise in the Euclidean 
sense over J. This establishes our assertion. 
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On the other hand if (x,) converges, in the Euclidean sense, to x 
uniformly over J, where each x, is continuous over J, then X, 7X 
in the metric space (X, p). The verification of this assertion is left to 
the reader. 


The above examples show that convergence in a metric space 
(X, p) may mean substantially different things in different spaces 
arising from the same set X. 


EXERCISES 2.4 
1. With the notation of Exercise 2.2.2, let x = (x,... χοῦ. 
show that x — x in (X, p), or in (X, p’), if and only if x! > x, in 
(X;, ρὺ for i = 1, ..., m. 


2. With the notation of Exercise 2.2.3, let x = (x!); show that 
x — x in (X, p) if and only if x$ > x, for all i. 

Establish the same result for the metric space defined in Exercise 
2.2.4. 


3. Describe the sequences which converge in the metric spaces 
defined in Exercises 2.1.5, 2.1.6. 


4. Let X = G(R), the set of all real-valued functions which are 
continuous over R. Let x, y € X; define 


p(x, y) = sup [χ(ἢ -- γί), 
μι! 


= 1 ρίχ,») 
- p(x, }) 2, 2' 1+ p(x, y) 
Show that (X, p) is a metric space, and that the sequence (x,,) 
converges to x in (X, p) if and only if x, + x in the Euclidean sense 
uniformly over [—i, i] for all i > 0. 


2.5 The basic topological concepts 

The concepts of neighbourhood, limit point, open set and closed 
set will be defined for metric spaces; these are usually called topo- 
logical concepts since they are meaningful in (and moreover funda- 
mental to) certain spaces, known as topological spaces, which are 
of a more general nature than metric spaces. 
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DEFINITION 2.5.1. Let (X, p) be a metric space; given any x, in XY 
and any r > 0, the set of all points x in X¥ such that p(x9, x) < ris 
called an open sphere in (X, p), and is denoted by S(Xp, r). 

Correspondingly, the set of all points x in X such that p(xp, x) <r 
is called a closed sphere in (X, p) and is denoted by S(xo, r). 

In either case, the point Xo is called the centre of the sphere and r 
the radius of the sphere. 


DEFINITION 2.5.2. Let (X, p) be a metric space; a neighbourhood 
of the point xX, in X is any open sphere in (X, p) with centre xo. 

Some authors call this a spherical neighbourhood of xp; they then 
define a general neighbourhood of x, as any set which contains a 
spherical neighbourhood of x». This sophistication will not be 
required in the present text. 

LEMMA 2.5.1. Let (X, p) be a metric space and x € X. If S(x, 8) is 


any neighbourhood of x and y € S(x, &), then there exists a neighbour- 
hood S(y, ε of y such that S(y, 8’) S S(x, 8). 


Proof. Let ε' = e—p(x, y) (clearly p(x, y) < 2); then it is easily 
verified that S(y, 6 < S(x, e). 


The diagram only suggests a method of proof; however it can do 
nothing more since it portrays the case Y¥ = R? with p being the 
Euclidean metric. 


DEFINITION 2.5.3. Let (X, p) be a metric space, and YC ¥;a 
point Xp in Y is called an interior point of Y if there exists a neigh- 
bourhood of xp lying entirely in Y. 

It is seen that this implies that every point of X is an interior point 
of X, which fact we shall return to in the next section. 
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DEFINITION 2.5.4. Let (X, p) be a metric space, and Y © X; a 
point xX in X is called a limit point of Y if every neighbourhood of x, 
contains at least one point (# x) of Y. 

Thus Xp is a limit point of Y if (S(xo, €)—{xo}) ὦ Y # @ for all 
é > Ὁ. Some writers use the term ‘point of accumulation’ instead of 
limit point. 

We give some simple examples and make some remarks. 

(i) In (R?, 4) let ¥, = S(O, 1), Y, = S(O, 1), where 0 = (0, 0). 
Then every point of Y, is aninterior point of Y, and is also an interior 
point of Y,; every point of Y, is a limit point of Y, and is also a 
limit point of Y>. 

(ii) For any subset Y of the discrete space (XY, p) defined in §2.2 
(v), every point of Y is an interior point of Y, but no point of X is 
a limit point of Y; why? 

(ili) It is stressed that a limit point of a set does not necessarily 
belong to that set; for example see the set Y, defined in (i). 

(iv) Asubset Y of a metric space (X, p) may contain points which 
are not limit points of Y; any such point is called an isolated point 
of Y. A point x of Y is an isolated point of Y if and only if there 
exists e > 0 such that 


(ϑίχο, 8) --᾿ {%o}) 0 Y = ©. 


(v) The existence of one point as specified in Definition 2.5.4 
implies the existence of an infinite number of such points. For, if ¢ 
is the radius of an arbitrary neighbourhood of x», which contains a 
point x, (say) of Y other than Xp, let 8, = p(xo, x,) < e. Then the 
neighbourhood S(xXpo, δ.) Of Xp also contains a point x, (say) of Y 
other than Xp, and since x, ¢ S(Xo, &;), it follows that x, # χα; let 
8. = p(Xo, Χμ). By next considering the neighbourhood S(xo, 82) we 
obtain a third point x, distinct from xp, x,, x2; and so on. 

Thus in Definition 2.5.4 ‘at least one point (4 x9) of γ᾽ could be 
replaced equivalently by ‘an infinite number of points of Y’. 

(vi) It is trivial that no finite subset of a metric space possesses a 
limit point. 

The next result gives an equivalent characterization of limit points 

THEOREM 2.5.1. Let (X, p) be a metric space and Y < X; then the 
following statements are equivalent: 

(i) Xo is a limit point of Y; 
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(il) there exists a sequence (x,) of distinct points of Y such that 
X, τ Xo- Ἢ 


Proof. The proof that (ii) implies (i) is trivial. 

Now assume (i); given any é) > 0, there exists a point x, (say) of 
Y in S(Xo, 80) where x, # Xo. Let δι = 4p(xo, x;) « 4e; then there 
exists a point x, (say) of Y in S(xX9, δι) where x, γέ Xo. Clearly 
X2 # αι. Let δ = 4p(Xo, X2) < 4e,; proceeding in this way (that is, 
by induction) we obtain an infinite sequence of distinct points such 
that 


1 
ρίχο» Xn) < En-1 < 4&2 « ... « 5πΞῚ &o: 


Then ρίχον X,) + 0 as ἢ -ὸ οὐ, SO X, + Xp. 


The ideas of a limit and a limit point are distinct and apply in 
different situations; thus a limit is a point associated with a sequence, 
whereas a limit point is a point associated with a set. Thus a sequence 
may possess a limit but will never possess a limit point; on the other 
hand a set may possess (one or more) limit points but it will never 
possess a limit. We can, however, establish some connection between 
these ideas, when given a sequence, by considering the limit points 
(if any) of the set whose elements are the members of the sequence. 


LEMMA 2.5.2. Let (X, p) be a metric space containing a sequence 
which converges to a point x; then x is a limit point of the set whose 
elements are the points of the sequence if and only if the sequence has 
infinitely many distinet points. 


Proof. This is left as an exercise. 


EXERCISES 2.5 
1. Let X¥ = {(x,, ¥2):xj+xz <1, x,, x, © R}; in the metric space 
(X, d), describe which points belong to the open spheres having 
(i) centre (0, 0), radii 4, 1, (ii) centre (1, 0), radius 4. 


2. Let X = {(x, x2):|x,| < 1, |x2| < 2, x,, x, €R}; in the metric 
space (X, d) show that S(x, r) = X for all r > 24/5 and all xin X. 


3. Let ¥ = {(x,, x2):xf +x < 9,x,,x2 €R},x = (0, 0),x’ =(2, 0). 
In the metric space (X, d) show that S(x’, 4) < S(x, 3). [Thus in an 
arbitrary metric space S(x’, r’) < S(x,r) does not necessarily imply 
thatr’ <r.] 
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4, Give an example of a metric space (X, p) and a non-empty subset 
Y of X with the property that no point of Y is either an interior 
point or a limit point of Y. 


5. Describe the form of a sphere in each of the metric spaces defined 
in §2.2 (iv), (v), (viii). 

6. Describe the form of a sphere in each of the metric spaces defined 
in Exercises 2.1.5, 2.1.6. 


Lo- 


2.6 Open and closed sets: introduction 
The basic definitions of the section are as follows. 


DEFINITION 2.6.1. Let (X, p) be a metric space, and Y € X. Then 
Y is said to be open in (X, p) if every point of Y is an interior point 
of Y. 


DEFINITION 2.6.2. Let (X, p) be a metric space, and Y © X. Then 
Y is said to be closed in (X, p) if its complement X— Υ is open in 
(X, p). 

If no confusion can arise, it will just be said that Y is open or Y 
is closed respectively. 

The following points should be noted. 


(i) Definition 2.5.1 is compatible with the above definitions; 
that is, an open sphere is an open set and a closed sphere is a closed 
set. The proof of these statements is left as an exercise. 

(ii) A given set Κα X is not necessarily open or closed: for 
example if Y = (a, δ] then Y is neither open nor closed in (R, d). 

(iii) A given set Y © X may be open and closed simultaneously. 
For example, the sets @ and X are both open and closed in any 
metric space (X, p). To establish this, note that a set Y is open if all 
its points are interior points of Y; since @ contains no points, it 
certainly contains no points which are not interior points, so ( is 
open in (X, p). By the comment immediately following Definition 
2.5.3, it follows that Y is open in (X, p). By the definition of a closed 
set, the two facts just proved imply, respectively, that ¥ and @ are 
closed in (X, p). 

In view of (ii), (iii) sets are said to be ‘unlike doors’, since a set may 
be simultaneously open and closed, or alternatively it may be 
neither open nor closed. 
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(iv) If Y is open in (X, p), then X— Y is closed in (X, p); the 
proof of this is left to the reader as an (easy) exercise. 


The following question arises from (iii): are there any other (so 
proper) subsets of (X, p) which are simultaneously open and closed ? 
The full answer to this is ‘sometimes yes, and sometimes no, depend- 
ing on the nature of (X, p)’; this will be discussed in depth later 
(Chapter VI). However we will now give an example to show that 
the answer is sometimes yes. 

Let X = {x:|x| > 1, xe R}; then it is easily verified that [1,00] 
is a proper subset of X which is open and closed in (X, d). 


We now come to an important result. 


THEOREM 2.6.1. Let (X, p) be a metric space and Y © X; then the 
following statements are equivalent: 


(i) Y is closed; 

(ii) Y contains all its limit points. 

Proof. Assume (i), so X¥— Y is open. Let x ε X— Y so there exists 
a neighbourhood S$ = S(x,e) of x such that S <¢ X¥—Y. Thus 
Sa Y = @and hence (S—{x}) ὦ Y = ©. Therefore x is not a limit 
point of Y, so (i) implies (ii). 

Now assume (ii); we show that X— Υ is open. Let χε X¥— Y, so 
x ΕΥ̓. Thus x is not a limit point of Y, so there exists a neighbour- 
hood S = S(x, 8) of x such that (S—{x}) ὦ Y = @; since x¢ FY, it 
follows that Sa Y = @, and so S ¢ X—Y. Thus x is an interior 
point of X— Y; hence X— Y¥ is open. 


DEFINITION 2.6.3. Let (X, p) be a metric space and Y ¢ X; the 
set consisting of Y together with all its limit points is called the 
closure of Y, and is denoted by Y. 

It is obvious, but none-the-less important to notice, that 

(i) Y « Y forall sets Yo X; 


(ii) Y = Y if and only if Y is closed. 


LEMMA 2.6.1. Let (X, p) be a metric space and Y < X. Then the 
following statements are equivalent: 
(i) xe J; 
(ii) S(x, δ) A Y τὰ @ for every neighbourhood S(x, 2) of x; 
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(iii) there exists an infinite sequence (x,) of points (not necessarily 
distinct) of Y such that x, > x. 


Proof. This is left as an exercise. 


THEOREM 2.6.2. Let (X, p) be any metric space, and Y < X; let 

Y" denote the set of all limit points of Y. Then 
(i) Y is closed (so Y = Y); . 

(ii) Y’ is closed. 

Proof. (i) Let x be a limit point of ¥ and let S = S(x, e) be any 
neighbourhood of x; then S contains a point y of Y. By Lemma 2.5.1, 
S contains some neighbourhood of y, and therefore some point of 
Y (by Lemma 2.6.1). Thus Sm Y τὰ @ for every neighbourhood of 
x, and so xe Y. Hence F is closed, 

(ii) Now let x be a limit point of Y’ and proceed as before. Thus 
any neighbourhood S of x contains a point y of Y’ and hence an 
infinity of points of Y (see the remark (v) following Definition 2.5.4). 
Therefore x € Y’ and so Y’ is closed. 

In view of the remark (ii) of §2.5, if X is any non-empty set and 
p is the standard discrete metric on X, then every subset of (X, p) is 
open; hence every subset of (X, p) is closed. This motivates 


DEFINITION 2.6.4. Any metric space in which every subset is open 
is said to be discrete; the metric of a discrete space is called a discrete 
metric. 

The proof of the next result is left as another exercise. 


LEMMA 2.6.2. Let (X, p) be a metric space. The following statements 

are equivalent: 
(i) (X, p) is discrete; 

(11) every subset of (X, p) is closed; 

(iii) for each x in X there exists > 0 such that S(x, ε) = {x}, so 
{x} is open; 

(iv) every point of (X, p) is an isolated point; 

(v) the only convergent sequences in (X, p) are those which are 
eventually constant; 


(vi) every subset of (X, p) has no limit point. 
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EXERCISES 2.6 

1. Let (X, d) be the metric space defined in Exercise 2.5.1, and let 
Y,, ¥2, ¥3; be the subsets of X defined by 

Y, = {(%;, x2): ν᾿ ΑἹ +22) < 3), 

Y2 = {(X1, x2):4 < V(xi+x2) < J, 

Y, = {(x1, x2):4 < ν᾿ ΟἹ +22) < 1}. 
Which of Y,, Y,, Y; are open or closed in (X, d)? 
2. Let 

A = {(x,, X2):(X%, +1)? +x3 <1, x1, x2 € R} 
B = {(x,, X2):(x,—1)? +x3 < 1, x1, X2, € R}; 
what is B in the space (A ὦ B, d)? 
3. Let A | I (= [a, b]); let of denote the subset of @(/) defined by 
sf = {f-f(t) = 0 for all ¢ in A}. 
Show that ν΄ is a closed subset of (@(J), p) when p is the supremum 
metric (of §2.2(viii)), but sf is not necessarily closed when p is the 
integral metric (of §2.2(x)). [To establish the second assertion 
consider the example given in §2.4(x).] 
4. Let (X, p) be any metric space; prove that S(x,r) Ξ δία, r) for 
all xin X and all r > 0. Give an example to show that strict inclusion 
is possible. 
5. If Y is an open subset of (X, p) and χοε Y then prove that 
Y— {xp} is also open. Deduce that if any finite number of points are 
removed from Y then the remaining set is open. 
Does this assertion extend to the removal of an infinite number of 

points? 
6. Let (w, p) be the metric space defined in §2.2 (vii), and let c c m 
be the subset consisting of all convergent sequences. Show that δ is 
closed in (ws, p). 


2.7 Open and closed sets: continued 
The basic results concerning open sets are contained in the next 
theorem. 
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THEOREM 2.7.1. Let (X, p) be a metric space. Then 
(1) X, @ are open in (X, p); 

(i1) the union of any collection of open sets is open; 

(111) the intersection of any finite collection of open sets is open. 

Proof. (i) This was proved in §2.6. 

(ii) Let {Y,:A€A} be a collection of open sets in (X, p), and 
denote the union of all the sets Y, by Y. Let x ε Y; then there exists 
some A in A (say Ag) such that xe Y,,. Since Y,, is open in (X, p), 
there exists some neighbourhood S = S(x, e)ofxsuchthatS ¢ Y,,; 
hence S Ξ Y. Thus Υ ts open in (X, p). 

(iii) First it will be shown that the intersection of two open sets 
Y,;, Y, is open. Assume that Y, ἡ Y, # @ (forif Κι ὦ Κῶ, ΞξῷόάῊΗ αὐ 
there is nothing to prove); let xe Y, mM Y,, so xe Y, and χε Y3. 
Then there exist neighbourhoods S(x,¢,), S(x, δ1}) of x such 
that S(x,e,) S Y, and S(x,e,) © Y;. Let 8 = min (e,, 82); then 
S(x, 8) Ξ Y, ὦ Υ, and hence Y, A Y; is open. 

By induction it follows that the intersection of any finite collection 
of open sets is open. 

To see that the intersection of an infinite collection of open sets 
_ Is not necessarily open, consider the following example. Let 
I, = (0, 1+n7') forneéN, so that J, is open in (R, d); then 


(\ I, = ©, 11 
n=l 


which is not open in (R, d). 
There is a corresponding set of results for closed sets. 


THEOREM 2.7.2. Let (X, p) be a metric space. Then 
(i) X, @ are closed in (X, p); 

(ii) the intersection of any collection of closed sets is closed; 

(iii) the union of any finite collection of closed sets is closed. 

Proof. Again (i) was proved in §2.6. 

Since Y ¢ X is closed if and only if X— Y is open, (ii) and (iii) 
may be deduced from (ii) and (iii) of Theorem 2.7.1 by using De 
Morgan’s rules. The details are left as an exercise. 

Notice particularly that although the union of any collection of 
open sets is open, the corresponding result concerning the union of 
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closed sets requires that the collection be finite; the reverse statement 
holds for intersections. The above counterexample may be used as 
an aid to remembering which way round these results hold. 


It has been mentioned previously that by noticing the important 
role played by the function which is the distance between elements 
in R we are led to the study of sets of elements possessing only a 
distance function (or metric). Likewise, in many problems concern- 
ing metric spaces, it can be seen that only a minor role is played by 
the metric itself, and that the concept of openness (or nearness) 
plays a more important part. This leads to a generalization of metric 
spaces, namely to the study of sets satisfying another group of 
axioms—those which are just the results (i)-(iii) of Theorem 2.7.1. 
Thus we have 


DEFINITION 2.7.1. Let X be a non-empty set. If there exists a 

collection Z of subsets of X such that 
(i) X,OeT, 
(ii) the union of any collection of sets in 7 isin 7, 

(iii) the intersection of any finite collection of sets in 7 isin 7, 
then the pair (X, 7) is called a topological space, and the members 
of J are called the open sets of (X, 7). 

The study of topological spaces will not be pursued further here. 

With the aid of Theorem 2.7.2, the following results can be 
deduced. 

THEOREM 2.7.3. Let (X, p) be a metric space; 

(i) f¥cZcX,thnYcZ; 


(ii) if Y < X, then Y is the least closed set which contains Y (that 
is, if Z is any closed set such that Y S Z then Y < Z); 
(iii) if Y,Z Ξ X, then 


YuzZ=YvZ, 
but YaAZE ΔΝ. 


Proof. (i) Let x be a limit point of Y and S be any neighbourhood 
of x. Then (S—{x}) ὦ ¥Y αὶ @andsince Υ c Z,(S—{x}) ἡ Ζ # @, 
so xe Z; hence Y ¢ Z. 


(ii) This result follows immediately from (i). 
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(iii) Since Y ¢ Y and Z ¢ Z, it follows that YUZ ¢ YuZ; 
hence, from (i) 
YuzZeYyuZe= fuZ 


since Y ὦ Zis closed. Thus YUZ ¢ Yu Z. 
For the reverse inclusion, since Y¥ ¢ YU Z, Z © Yu Z it follows 
that 


ΣΟ ΤΟΣ, of LUZ 
so that FUZ co YuzZ. 
For the second result observe that Ya ZC Y, YAZ€¢Z, so 
that 


PALS), ΣΟΙ ΕΣ 


and hence γωζΖε FOZ. 
It is left to the reader to construct an example to show that the 
case of strict inclusion is possible. 


EXERCISES 2.7 
1. (i) Let {Y,:4 Δ} be a collection of closed sets in a metric space 
(X, p) and let Y denote the intersection of all the sets Y,. If x is any 
limit point of Y, show that it is also a limit point of Y, for all Ain A; 
deduce that Y is closed. 


(ii) Let Y,, Y2 be two closed sets in (X, p). If x is a limit point of 
Y, ὦ Y;, show that it is also a limit point of at least one of Y,, Y,; 
deduce that Y, U Y2 is closed. Hence prove that the union of any 
finite number of closed sets is closed. 


2. Let (X, p) be a metric space and Y ¢ X. Prove that the inter- 
section of all the closed sets which contain Yis FY. 


3. If {Y,:4.¢A} is any collection of sets in a metric space (X, p), 
prove that 


U Y,2U ¥;; 
AGA AGA) 


give an example to show that strict inclusion may occur when A is 
infinite (but not when A is finite). 
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2.8 Relative openness 


It was explained in §2.1 that if (X, p) is a metric space and Y c X, 
then (Y, py) is also a metric space. Despite this simple fact, we now 
come to the rude awakening that, if Z πα Y απ X, metric results 
concerning Z regarded as a subset of (Y, py), do not necessarily hold 
when Z is regarded as a subset of (X, p) and, conversely, metric 
results concerning Z regarded as a subset of (X, p), do not neces- 
sarily hold when Z is regarded as a subset of (Y, py). By a metric 
result we mean any result concerning metric spaces. 

In the present section we shall consider an example of this; it is 
as follows. Let Z ¢ Y c X, and p be a metric defined on X. If Z 
is open in (Y, py), does it follow that Z is open in (X, p)? If Z is open 
in (X, p), does it follow that Z is open in (Y, py)? The answers to 
these questions are ‘not necessarily’ and ‘yes’ respectively. 

We give two examples of a subset of Y which is open in (Y, py) 
but which is not open in (XY, p). For the first example let (X, p) be 
any space having a subset Y which is not open in (X, p); then Y is 
open in (Y, py), but not in (X, p). 

For the second example, we consider (R?, d). If x9 € R?, then any 
neighbourhood of xp, regarded as a point of (R?, d), is the interior 
of a circle, centre x». Consider next the subset Y = {(x, 0):x ε R}. 
Then (Y, dy) is a metric space; if x» € Y, then a neighbourhood of xp, 
regarded as a point of (Y, dy) is an interval, with mid-point Xp. 

Now consider the set Z = {(x,0):a < x < b}sothatZ c Yc X. 
Then any point xX, in Z is an interior point of Z when Z is considered 
as a subset of (Y, dy), since a neighbourhood of xp is then an 
interval, centre x). However xX, is no? an interior point of Z considered 
as a subset of (R*, 4), since any neighbourhood of x, is now the 
interior of a circle, which cannot possibly be contained in Z. 

Thus, in this example Z c Y c X, and Z is open in (Y, dy), but 
is not open in (X, d). 

The above example illustrates the important point that the nature 
of a neighbourhood of a point depends on the metric space which 
contains it. In connection with this we have Lemma 2.8.1. 

If (X, p)isa metric space, Y © Xandze Y then, for the remainder 
of this section, we denote the neighbourhoods of z (with radius r) in 
( Y, ρ y)s (X, > p) by s y(Z, r )s Sx(Z, Γ ) respectively. 


LEMMA 2.8.1. Let (X, p) be a metric space, Y S X, ΣΕΥ͂; then 
S,(z, 7) = Yr Sz, r). 
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Proof. This is left as an easy exercise. 
Next a positive result concerning relative openness is given. 
THEOREM 2.8.1. Let (X, p) be a metric space, ΖΕ YC X andZ 
be open in (X, p); then Z is open in (Y, Py). 


pee Let ze Z; then there exists e > 0 such that Sy(z, ε) S Z. 
us 


ΤΩ S;(z,8) SZ: 


hence Sy(z,@) S Z, so z is an interior point of Z regarded as a 
subset of (Y, py). Therefore Z is open in (Y, Py). 


The next theorem contains the basic result concerning relative 
openness. 


THEOREM 2.8.2. Let (X, p) be a metric space, and ZG YC X ; 


then Z is open in (Y, py) if and only if there exists a set G open in 
(X, p) such that Ζ = YG. 


Proof. First suppose that Z is open in (Y, Py). Then for each z in 
Z, there exists ¢ >0 (where e is dependent on z) such that 
Sy(z, δ) S Z. Define 


G= ι Sy(z, 8); 
rez 
then G is open in (X, p). Hence 


Y¥nG=Yn | U Sx, 6) = U {YO Sy(z, 2)} = [] Syz, 8), 


zez 


using (1.1.2). But, as can be easily verified, 
ι Sy(z, Ε) = Ζ, 
5ε 2 


so there exists a set G open in (X, p) such that Z = YaG. 

Now assume that there exists a set G which is open in (X, p) and 
such thatZ = YG. IfzeZ, then zéG, so there exists ¢ > 0 such 
that S,(z, e) © G. Hence 


γι δχίζ, δ) S YnG =Z, 


that is Sy(z, 8) © Z, so zis an interior point of Z in (Y, Py). Thus Z 
is open in (Y, py). 
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COROLLARY 2.8.1. Let (X, p) be a metric space and ZS YC X; 
then Z is closed in (Y, py) if and only if there exists a set H closed in 
(X, p) such that Ζ = Yo ἢ. 


Proof. This result follows easily from the main theorem; the proof 
is left as an exercise. 


Lastly we give a result which is analogous to Lemma 2.8.1; again 
we omit the proof, which is straightforward. 


LEMMA 2.8.2. Let (X, p) be a metric space and ZS Yc X. If 
Z*, Z* denote the closures of Z in (Y, py), (X, p) respectively, then 


Ze ΤΠ. 


EXERCISES 2.8 
1. Let X = [0, 1]; which of the subsets (4, 1), (4, 1], [4, 1) are open 
in (X, d)? 

Which of these subsets are open in (i) (R, d), (ii) (R*, d) where, in 
each case, d is the relevant Euclidean metric? 

Which subsets of R are open in (R?, d)? 

(For the purpose of this question identify R with the subset 
{(x, 0):x ε R} of R*.) 


2. Let (Δ΄, p) be a metric space and Y πο X. Show that every subset 
Z of Y, which is open in (Y, py), will be open in (X, p) if and only if 
Y is open in CX, p). 


2.9 Cluster values of a sequence 


If (X, p) is a metric space and Y Ξ X, then, by Theorem 2.5.1, the 
point Xp is a limit point of Y if and only if there exists an infinite 
sequence (x,) of distinct points all of which lie in Y, and such that 
X, πὸ Xp as n> oo. An analogous term is now defined for infinite 
sequences. 


DEFINITION 2.9.1. Let (Α΄, p) be a metric space, and (x,) be an 
infinite sequence in Α΄, Then the point c in X is called a cluster point 
(or cluster value) of the sequence if there exists a subsequence (x,,) 
which converges to ¢ as k --- οὐ. 

Note that it is not required that all the points of the subsequence 
be distinct, The terms ‘point of accumulation’ and ‘limit point’ are 
also used by some authors instead of cluster point. 
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THEOREM 2.9.1. Let (X, p) be a metric space and (x,) be an infinite 
sequence in X; let c & X. Then the following statements are equivalent: 


(i) ¢ is a cluster point of the sequence: 


(ii) given any ¢ > 0, and any integer m, there exists n > m such 
that p(X,, Cc) < e. 


Proof. Assume (i). Then there exists a subsequence (x,,) which 
converges to cas kK - oo, so given any > 0, there exists Καὶ auch that 
P(Xm. ©) < 8 for all k > K. Thus taking any Κ΄ > Καὶ such that 
Nx > mand letting n = ng, (ii) is established. 

Now assume (ii), and define a subsequence as follows. Let ny be 
the least integer such that P(X,,, Οὐ < 1. Define n, to be the least 
integer such that n, > ,, and P(X,» 6) < 4. Define n; to be the 
least integer such that n, > n,, and p(X,,. ©) < 4, and so on (that 
is, by induction). The subsequence so obtained clearly converges to 
ὃ; thus 6 is a cluster point of (x,). 


The reader familiar with the theory of upper and lower limits (in 
connection with real sequences) will know the following result. 


THEOREM 2.9.2. Let (x,) be a real sequence and C(x,) denote the 
set of all cluster values of (x,). 
| If (x,,) is bounded above, then C(x,) is also bounded above; in 
this case, if A = sup C(x,), then A ε C(x,). Similarly if (x,) is 
bounded below, then C(x,) is also bounded below; in this case if 
A =inf C(x,), then 1 ε C(x,), 
If (X,) is bounded above and below, then (x,) is convergent if and 
fA =i4. If A τ ἃ, thenx, > Δ α ἡ -- o. Doane, 


(The numbers A, ὁ are called the upper and lower limits of (x,).) 


EXERCISES 2.9 

I. Find all the cluster values of the sequences 
(i) (cos nn+(—1)"n~+), 
(ii) Ga,+2~") where a, = n(mod 10), 

in (R, d). 


2. If (x,) is a sequence in a metric space (X, p) having a cluster 
value ¢ then show that, given any δ > 0, there exist an infinite 
number of values of n such that p(x,, c) < ε. 
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If (x,,,) is a subsequence (of (x,)) which tends to ec and which has 
an infinite number of distinct elements, then show that c 15 a limit 
point of the set whose members are the elements of the sequence. 


2.10 Denseness 

It is an elementary result concerning R that any real number can be 
expressed as the limit of a sequence of rationals; this can be demon- 
strated as follows. 

Let χε. Starting from the result that ‘every open interval of R 
contains at least one rational, and hence an infinite number of 
rationals’ (see Dieudonné (1960), (2.2.16)), we can construct a 
sequence of rationals converging to x by the following method. For 
by the result just quoted the interval (x—n~*, x+n™ *) contains a 
rational g,, say; then q, > X as n > 00.7 

Another way of expressing the same result is to say that for any 
x in R there exists a rational g which is arbitrarily close to x, that 
is, given any ε > 0, there exists a rational q such that |x—g| < «. 
This leads us to say that ‘the set of rationals is dense in the set of 
reals’. In view of Lemma 2.6.1 our assertion is equivalent to the 
statement that Ὁ = R where closure is with respect to the Euclidean 
metric. 

These comments motivate the next definition. 


DEFINITION 2.10.1. Let (X, p) be ametricspace,and A © X¥. Then 
A is said to be everywhere dense (in (X, p)) if A = X. 


Lemma 2.10.1. Let (X, p) be any metric space and A & X. Then 
the following statements are equivalent: ; 


(i) A is everywhere dense; 
(ii) for each x in X, there exists an infinite sequence (x,) of points 
of A such that x, τὸ Χ asn > ©; 
(iii) for each x in X, given any & > Ὁ there exists x' in A such that 
ρίχ, X) « ε. 


Proof. This result follows immediately on using Lemma 2.6.1. 
+ The reader should convince himself that this argument can be refined to 


show that we can construct an increasing, or alternatively decreasing, sequence 
of rationals which converge to x, This result will be needed in 84,3. 
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EXERCISES 2.10 
1. Let (X, p) be a metric space and Y ¢ _Y. Prove that the following 
statements are equivalent: 

(i) Y is everywhere dense in (X, p); 

(ii) if Z is closed in (X, p) and YS Zc YX, thenZ = xs 

(iii) if Z’ is open in (X, p) and YNZ’ = G, then Z’ = Ω͂; 

(iv) Y intersects every open sphere in (X, p). 
2. Let Y,, Υχ be two sets both of which are open and everywhere 
dense in a metric space (X, ρ). Show that Y,U ¥, and Υ͂, ὦ FY, 
are also open and everywhere dense. 


2.11 The boundary, interior, exterior of a set 

In connection with a subset of a metric space, so far we have defined 
the following basic terms: interior point, limit point, isolated point, 
open set, closed set, and the closure of a set. However there are 
other closely related terms which are sometimes of use; some of 
these are now described. 

Given a simple figure in the real plane, such as a circular region, 
it is intuitively clear what is meant by the boundary of that figure. 
Our first definition generalizes this concept to any subset of any 
metric space. 

DEFINITION 2.11.1. Let ¥ be a subset of a metric space (X, p); the 
set 

Yo (X— Y) 
is called the boundary of Y. It is denoted by (Y). 
Thus the boundary of either of the subsets 


{(x,, X2):xj+x3 < 1), {(x,, X2)ixp+x3 -ς 1} 
of (R?, d) is the set 
{(x;, X2)i:xj+x3 = I}. 


The boundary of the subset Q of (R, d) is R. 
Of course the boundary of any set is closed. 


DEFINITION 2.11.2. Let Y be a subset of a metric space (X, p); the 
set of all interior points of (X, p) is called the interior of Y. It is 
denoted by Y° or int Y. 
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For each y in Y° there exists é, > 0 such that S(y, 8.) © Y; then 
it is easily verified that 


ι) Sy, ,) = ¥°. 
ye ¥* 


[τ follows that Y° is open. It is left to the reader to prove that Y° 
is also equal to the union of all open sets contained in Y. 


LemMA 2.11.1. ΤΟΥ͂ be a subset of a metric space (X, ρ). Then 

(i) Y°= X¥-X-Y; 

(ἢ F = Y°w GY). 

Proof. (i) First observe that ¥Y° a (Y-¥) = @. For if ye Y° 
there exists e > Ὁ such that S(x, δ) © Y and so 


S(x, δ) ἡ (X-Y) = ὦ; 


thus x ¢ X— Y. Next suppose that x is any point of X. Then either 
there exists 8.» 0 such that S(x, δὴ) ¢ Y, when xe Y°, or for all 
e>0 


S(x, é) Γ (Χ- Y) γέ D, 


when x € X— Y. Thus (i) is established. 

(ii) Since γε YC Y and W#Y)S Y it follows that 
Y°U &Y) ΞΞ Y. It remains to establish the reverse inclusion. Let 
ye Y; if ye ¥° then ye ¥Y°U AY). If y¢ ¥° then, for all ε > 0, 
S(y, 8) € Y, that is 


S(y, 8) ἡ (Χ -- Υ) 4 ὦ; 
thus ye X¥—Y, so γε δ(Υ) and hence ye γῆ AY). Therefore 
Yo ua). 


DEFINITION 2.11.3. Let Y be a subset of a metric space (X, p); the 
interior of X— Y is called the exterior of Y; it is denoted by ext Y, 
Any point of ext Y is said to be exterior to Y. 

It is readily shown that, for any subset Y of (X, p), 


X = int Yu AY) vext Y, 
where the sets on the right are disjoint, and also that 
ext Y= Y— f. 
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EXERCISES 2.11 
1. If Yis a subset of a discrete metric space (X, p), find the interior, 
exterior and boundary of Y. 

2. If Y is a subset of a metric space (X, p) prove that 
(i) O(Y) © Yif and only if Y is closed; 
(ii) δ( 77 ἡ Y = @ if and only if Y is open; 

(ili) 6(Y) = @ if and only if Y is both open and closed: 

(iv) Y° is the largest open subset of Y, that is, if Z is any open set 
which 15 a subset of Κ then Z ¢ Y°: 

(v) Yis openif and only if Y = Y°. 
3. Let (X, p) be a metric space; prove the following results. 
@HYe<2Z ¢ x thea ¥* = 2. 
(ii) If ¥,Z < X then 
(PALS = PAD, AFUZyS 2 ws. 
Give an example for which the inclusion in the second result is strict: 

(iii) For any ¥ € X, 0(¥°) < a ¥). 

4. If Y is an open subset of a metric space (X, p), show that 
int Yuext Y 
is everywhere dense. 

Show that the result also holds if Y is alternatively assumed to be 
closed, but that the result does not hold if no assumption is made 
concerning Y. 

5. In the notation of Exercise 2.2.2, let Y; Ξξ X; for each i. Show that 

CE x KY) me FP ex FE, 

(ii) ¥,x...x Y, = Y,x...x ¥,, 


where Y; is the interior of Y; in (Xj, p,) and (Y,x... x Y,,) is the 
interior of Y, x... x Y,, in (X, p) or (X, p’), and similar comments 
apply to the closures, 

Deduce that if Y,,..., Y,, are all non-empty then Fitaem ¥, 
Is open (closed) in (X, p), or in (X, p’), if and only if Y; is open 
(closed) in (X;, p;) for each i. 


3: CONTINUOUS FUNCTIONS 


3.1 Introduction 

As in real variable theory we shall be particularly interested in those 
functions which are continuous; the definition of such functions is a 
direct extension of the corresponding real variable definition. 


DEFINITION 3.1.1. Let (X, p), (X’; ρ΄) be two metric spaces; let f 
be a function of X into X’. Then 


(i) f is said to be (p, p’)-continuous at Xo (in X) if, given any 
é > 0, there exists ὃ > 0 for which p'(f(x), f(x)) < ¢ for all x such 
that p(x, Xo) < ὃ; 

(ii) fis said to be (p, p’)-continuous over X if itis (p, p’)-continuous 
at each point of X; 

(iii) if furthermore Y c X, fis said to be (p, p )-continuous over 
Y if, for each xp in Y, given any ¢ > 0, there exists ὃ > 0 for which 
p'(f(x),f(Xo)) < @ for all x in ¥ such that p(x, x9) < 6. 

We could replace (iii) by the following equivalent statement: 

(ili)’ if furthermore Y c X, fis said to be (ρ, p’)-continuous over 
Y if fy is (py, p’)-continuous over Y in the sense of (ii), where fyis 
the restriction of fto Y. 

When discussing the continuity of fit is necessary to specify the 
metrics p, ρ΄ since it is possible that f may be continuous for a given 
pair of metrics p,, p; defined on X, Χ' respectively, but may not 
be continuous for another pair of metrics, say p>, p},; that is, f may 
be (p,, p;)-continuous while not being (p,, p3)-continuous. However 
this cumbersome notation can be suppressed by the following 
mathematically (somewhat imprecise) procedure, which we shall 
adopt. 

If (X, p), (X’, ρ΄) are two metric spaces and f is a function of Y 
into X’, then according to the definition of a function, J is entirely 
independent of the metric functions p, p’. Suppose now, however, 
that we talk of a function of (X, p) into (X’, ρ΄, so that the two 
metrics p, ρ΄ are associated with the name f of the function of X 


5] 
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into X’ (we shall write f:(X, p) + (X’, p’)); then a change in one or 
other metric implies a change in the identity of f. This enables us to 
make the following variation of Definition 3.1.1. 


DEFINITION 3.1.1’. Let (X, p), (X’, ρ΄) be two metric spaces; let f 
be a function of (X, p) into (X’, p’). Then 


(i) fis said to be continuous at xo (in X) if, given any ¢ > 0, there 
exists 6 >0 for which p’(f(x),f(xo)) < for all x such that 
p(X, Xo) < ὅ. 

Similar modifications apply to the remainder of Definition 3.1.1. 

The important point is that the metrics p, ρ΄ must be specified 
somewhere in the definition of continuity of a function between the 
sets of two metric spaces; the specification may be explicit (as in 
Definition 3.1.1) or implicit (as in Definition 3.1.1’). 

The reader will observe that we have not considered the case of a 
function f whose domain of definition is a proper subset Y of (X, p). 
It is, of course, possible to vary the wording of the definition to cope 
with this situation; alternatively, and this will be our standpoint, we 
can regard fas a function from (Y, py) into (X’, ρ΄) and then use the 
above definitions. 

The following results are immediate extensions of ones occurring 
in real Euclidean space. 


THEOREM 3.1.1. Let (X, p), (Χ΄, ρ΄) be two metric spaces, and f be a 
function of (X, p) into (X", p'); let x9 © X. Then the following state- 
ments are equivalent: 

(i) fis continuous at Xo; 

(ii) for every sequence (x,) which converges to Xo in (X, p), the 

corresponding sequence (f(x,)) converges to f(x) in (X', 9’). 


Proof. Assume (i); then (ii) follows easily. 


Now assume (ii). Suppose, if possible, that f is not continuous 
at χροὶ then by Lemma 1.7.2 there exists eg > Ὁ such that for 
each 6>0 there is a point x for which p(x,x,) <6 but 
p'(I(x), f(%o)) > eo. 

Taking ὃ =n", it follows that there exists x, for which 
P(Xn» Xo) <n™* but PSX) S (Xo)) > Eo. Then Xn > Xo, but f (x,) 
does not tend to /(x9). This gives a contradiction, so fis continuous 
at Χο, and the theorem is established. 
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THEOREM 3.1.2. Let (X, p), (X’, p’), (X", ρ΄ be metric spaces; 
if f, g are functions of (X, p) into (X', ρΎ and (X’, p’) into (X", p’), 
respectively, such that f is continuous at Χο (in X) and g is continuous 
at Xo = [(Xo), then the function go f of (X, p) into (X", p") is con- 
tinuous at Xo. Moreover if f, g are continuous over X, X’ respectively 
then g o f is continuous over X. 


Proof. This follows closely that of the corresponding Euclidean 
result; the details are omitted. 


Lastly uniform continuity is defined; again this is a simple 
extension of the real variable term. 


DEFINITION 3.1.2. Let (X, p), (X’, p’) be two metric spaces. A 
function f of (X, p) into (Χ΄, ρ΄) is said to be uniformly continuous 
over X if, for any e > 0, there exists ὃ > O for which p’(/(x), f(y)) < ε 
for all x, y such that p(x, y) < 6, where 6 is independent of x, y. 


If a function /:(X, p) > (X’, ρ΄) is continuous (or uniformly 
continuous) over X, when no confusion can arise we shall often omit 
the words ‘over X”. 


EXERCISES 3.1 


1. Let (X, p) be a metric space and ae X; show that the function 
F:(X, p) > (R, d) defined by f(x) = p(x, a) is uniformly continuous 
over X. 


2. Let the functions /,:(X, p) > (Y, ¢) be continuous form = 1,2,..., 
and let the sequence (/,) converge in (Y,o) uniformly over X to 
Τα, p) -- (Y, a). Prove that fis also continuous. 

If, furthermore, each f, is uniformly continuous over Y show 
that fis also uniformly continuous over_X. 


3. Let f:(X, p) > (X’, ρ΄ be continuous and Y ¢ YX, If y is a limit 
point of Y, is f(y) necessarily a limit point of 7.702 [Compare 
Exercise 3.3.3.] 
4. Let (X, p), (X’, p’) be two metric spaces and f, g be two con- 
tinuous mappings of (X,p) into (X’,p’). Prove the following 
assertions. 

(i) If f(x) = g(x) for all x in A, then f(x) = g(x) for all x in A; 
thus if B = {x: f(x) = g(x)}, then B is closed. 
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(li) If X’ = R, ρ’ is the Euclidean metric and C = {x:f(x)> 2(x)}, 
then C is closed. 


3.2 Topological characterizations of continuity 

The definition of continuity is essentially a statement concerning 
neighbourhoods. For, observe that the mapping /:(X, p) > (X’, p’) 
is continuous at Xp (in X) if and only if, given any ¢ > 0, there exists 
ὃ > 0 for which 


p'(f(x),/(%o)) < ¢ for all x such that p(x, xo) < ὃ, 
that is 
x € S(X%o,5) implies that f(x) ε S’(/(xo), 8), 
or F(S(%o, 6)) Ξ S’(f(X9), 8), (3.2.1) 


where S, δ΄ denote spheres in (X, p), (X’, ρ΄) respectively. This can 
be rewritten in a slightly different form. To see this, if N¢ a. 
N’c¢ Χ' using (1.2.3), (1.2.14), (1.2.8), (1.2.13) it follows that 
ΑΝ) Ξ N’ if and only if N « f~'(N’); hence (3.2.1) can be replaced 
equivalently by 


δίχο, 6) S f~"(S'(f(Xo), €)). (3.2.2) 


Thus we have proved the following result. 


LEMMA 3.2.1. Let f be a mapping of (X, p) into (Χ', p’). Then f is 
continuous at Xo (in X) if and only if, given any 8 > Ὁ, there exists 
ὃ > 0 such that (3.2.1), or equivalently (3.2.2), holds. 


Next an important result concerning continuity over a metric 
space will be developed. 

THEOREM 3.2.1. Let f be a mapping of (X, p) into (X', p’). Then the 
following statements are equivalent: 

(i) f is continuous over X; 

(ti) for each set Y’ open in (Χ', ρ΄), the set f~*(¥') is open in 
(X, p); 

(ili) for each set Y’ closed in (X', p'), the set f~*(Y’) is closed in 
(X, p); 

(iv) for each set Y < X,f(¥) « f(¥). 
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Proof. Assume (i); let Y’ be any open set in (X’,p’). Let 
xo ef *(¥), so f(%o)¢ Κ΄; then there exists ¢ >0 such that 
S'(f(Xo), 8) S Y’. Since f is continuous at x9, by Lemma 3.2.1, for 
this ¢ > 0 there exists 6 > 0 such that 


S(xo, 6) S f~"(S'P%o), 6) Ξ. (7, 


using (1.2.8). Thus x is an interior point of f~'(Y’), so f~'(¥’) is 
open in (X, p). 

Now assume (ii); we shall deduce (i). Let x9 ε X; then given any 
e > 0, the neighbourhood S'(/(xo), 6) is open in (X’, ρ΄), so by 
hypothesis f~ *(S’(/(x9), €)) is open in (X, p). Since 


Xo Ef (ΘΟ (Xo), ὁ) 
it follows that there exists 6 > Ὁ such that 
S(Xo, ὃ) S f~ "(S'(f(Xo), 8)). 
Hence, by Lemma 3.2.1, fis continuous at xp and so is continuous 
over X. 
So far it has been shown that (i) and (ii) are equivalent. 
Assume, again, (ii) and let Y’ be a closed set in (X’, p’). Then 
Χ' -- Y’ is open in (X’, p’) so f~*(X’— Y’) is open in (X, p). But 
ΓΤ Δ΄ -Υδ- X-f- 7). 
by (1.2.15), so f~"(¥") is closed in (X, p); this establishes (iii). In 
the same way it is seen that (iii) implies (ii). 
Finally (iii) and (iv) will be shown to be equivalent. 
Assume (iii), and let Y ¢ X, then f~*(/(Y)) is closed in (X, p). 
But 
γε Ὁ») sf); 
Y is the least closed set containing Υ (by Theorem 2.7.3), so 
Y < f~'(f(¥)). Hence 
KP) <= f(F-"FOD) ¢ FM. 
Now assume (iv); let Y’ be a set closed in (X’, ρ΄) and set 
Y = f~'(Y’). Then 


(ΟΥ̓ συ (YY) cs Y= ¥’, 
so that 


Υ «ΓΟ sf-(¥) = Y. 
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Thus ¥Y = ¥, so Y is closed, that is f~*(Y’) is closed (in (X, p)). 


In conclusion we make two remarks. 

(a) The equivalence of (i) and (ii) is of fundamental significance; 
for this reason it was proved that (i) implies (ii) and (ii) implies (i). 
The equivalence of (ii) and (iii) is elementary. We have therefore not 
proved the equivalence of the results by the quickest route, but 
rather have used one which is intended to stress the inter-relation of 
the four statements. 

The equivalence of (i) and (ii) is important because it enables us 
to describe continuity in terms of open sets instead of relations involy- 
ing metrics; this is of importance when studying continuity in a 
topological space in the absence of a metric. 

(6) In the characterizations (ii), (ili) of continuity it should be 
noted that it is the inverse image of an open (or closed) set which 
is an open (or closed) set. It is not in general true that the direct 
image of an open set is open, or of a closed set is closed. For example 
consider the mapping /:(R, d) — (R, d) where 

x? 
I) = 1+x?’ 
then f(R) = [0, 1) which is neither open nor closed, although R is 
both open and closed. 


EXERCISES 3.2 
1. Let (X, p), (X, ρ΄ be two metric spaces having the same under- 
lying set X; let 7,7’ denote the collections of all open sets of 
(X, p), (X, ρ΄) respectively. Let i:(X, p) > (X, p’) be the identity 
mapping (see §1.2); show that /is continuous ifand only if 7’ ΕΞ 7, 
2. Let (X, p) be a discrete space and (Y, a) be any metric space; let 
f be any mapping of (X, p) into (Y, σ). Show that fis continuous. 
3. Give an example of a function /:(X, p) > (Χ΄, ρ΄) which is not 
continuous and, for this function, find 

(i) a set Y’ which is open in (X’, p’) but such that f~*(Y’) is not 

open in (X, p); 

(ii) a set Ζ' which is closed in (X’, ρ΄) but such that f~*(Z’) is not 
closed in (XY, p); 

(iii) a set ¥Y | X such that f(Y) Ε f(¥). 
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4. Let f:(X, p) --- (Χ', ρ΄) be continuous over X and let Yc X. 
Show that the restriction fy is continuous over Y by using the 
epsilon-delta definition of continuity and, alternatively, the open set 
characterization of continuity. 


5. Let f:(X, p) + (X’, p’) be continuous and Y c X. If ye Y and 
f(y) is an interior point of f(Y), prove that y is an interior point of 
7 Ὁ}. 

By means of the following example show that y is not, however, 
necessarily an interior point of Y. Let ¥ = Χ' = R, p = p’ be the 
Euclidean metric, and Y be the union of the rationals in [0, 1] and 
the irrationals in (—1, 0); let f be defined by f(x) = |x|. 


6. Let (X, p), (X’, ρ΄) be two metric spaces and let Y, Z be subsets 
of X such that YU Z = X. Let the functions /:(Y, py) — (X’, p’), 
g:(Z, Pz) + (X', p’) be continuous, and f(x) = g(x) for all x in 
ΥΩ Z. Define h:(X, p) — (Χ', p’) by 
Hx) = f(x) for xe Y, 
g(x) for xEZ; 
show that / is not necessarily continuous. 
If, however, it is also assumed that Y and Z are either both open, 
or are both closed, in (X, p), then with the aid of Exercise 2.8.2, or 
otherwise, prove that / must be continuous. 


7. Let fbe a mapping of (X, p) into (X’, p’). Prove that the following 
statements are equivalent: 
(i) fis continuous over X; 
(ii) for each set Y’< X’,f 5 Sf7(¥); 
(iii) for each set Y’ < X', {{ ΣῪ ἢ 2f7*(Y’. 


8. In the notation of Exercise 2.2.2 let the mapping 2,;:X — X; be 
defined by 
T (X45 «+69 Xn) = Xi3 

show that πὶ is a uniformly continuous mapping of (X, p), or 
(X, p’), onto (X;, ρὺ. (The function x, is known as the projection of 
χ onto χ .) 

Extend this result to the metric space defined in Exercise 2.2.4. 
σ 
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3.3 Homeomorphisms 


If fis a bijective mapping of X onto X’, then it is elementary that f 
possesses an inverse (denoted by f~*), and that f~* is a bijective 
mapping of X’ onto X. Suppose now that (X, p) and (Χ΄, p’) are 
metric spaces; if, furthermore, f:(X, p) > (X’, p’) is continuous, it 
does not necessarily follow that f~':(X’, p’) > (X, p) is also 
continuous. An example to illustrate this will be given shortly; first 
we state a definition motivated by these comments. 


DEFINITION 3.3.1. Let (X, p), (X’, ρ΄) be two metric spaces and 
ΚΕ, p) + (Χ', ρ΄) be a bijection of X¥ onto X’ such that f is con- 
tinuous over X and f~' is continuous over Y '; then fis said to be a 
homeomor phism.+ 

If f:(X, p) > (Χ', ρ΄) 5 ἃ homeomorphism, it follows immediately 
that f~':(X’, p') > (X, p) is also a homeomorphism. 

Two metric spaces (X, p), (X’, p’) are said to be homeomorphic (or 
homeomorphic images of each other) if there exists a bijective 
mapping /:(X, p) > (X’, ρ΄) which is a homeomorphism. 

Now an example is given in which /:(X, p) > (X’, p’) is ἃ con- 
tinuous bijection but such that f ~*:(X’, p’) > (X, p) is not con- 
tinuous. Let ¥ = X’ = R, p be the standard discrete metric, p’ be 
the Euclidean metric, and let f be the identity map on R. Then, if 
Xo € X, given any 8 > Ὁ and taking any ὃ in (0, 1), p’(S(x), f(%)) < ε 
for all x such that p(x, x,)< ὃ (since the only x to satisfy the second 
inequality is x = xo, for which the first inequality is trivially satisfied), 
so f is continuous at x) and thus is continuous over ¥. However, 
given any ¢ > 0 such that 8 < 1, there exists no ὃ > 0 for which 
p(f~ *(x), £7 '(xo)) < ε for all x such that p'(X, Xo) < 6; for, if 
6 > 0 there exists x # xg such that p'(x, Xo) < ὃ, and for this x 


e(f~*(x), £7 (xo) = 1 € ε, 


so f~* is not continuous at any point Xo of X’. (For future reference 
note, also, that fis uniformly continuous over X.) 


Since a homeomorphism is a continuous mapping having a con- 


tinuous inverse, Theorems 3.1.1 and 3.2.1 immediately imply the 
following result. 


T Not to be confused with homomorphism which is an algebraic term describing 
mappings which preserve certain laws of composition, 


§ 3.3 CONTINUOUS FUNCTIONS 59 


THEOREM 3.3.1. Let f be a bijective mapping of (X, p) onto (X', p’). 
Then the following statements are equivalent: 

(i) fis a homeomorphism; | 

(ii) for each Y Ξ X, Yis open in (X, p) if and only if f(Y) is open 
in (xX τ p’); . 

(iii) for each ¥Y Ξ X, Y is closed in (X, p) if and only if f(Y) is 
closed in (Χ', p'); shalt . 

(iv) for each set Y «- X, f(Y) =f(Y), (where Y is the closure of 
Y in (X, p) and f(¥) is the closure of {(Y) in (X’, p’)); 

(v) for each sequence (x,) which converges to Xo in (X, p): i (1) 
converges to {(X9) in (X’,p'), and for each sequence (ἢ) which 
converges to Xo in (X', p'), (7 '(x,)) converges to f~ (Χο) in (X, p). 

Here again the equivalence of (i) and (ii) is of fundamental 
significance. For, if (X, p), (X’, ρ΄ are homeomorphic there Is a 
bijection between the collections of open sets of (, p) | and of 
(X’, ρ΄), so if we have a result concerning a metric space (X, p) 
which involves only the concept of open sets (for example, the 
concept of continuity) we will immediately have a corresponding 
result for (X’, p’). , 

We make one final remark; the property of two metric spaces 
being homeomorphic is an equivalence relation. That is, if # 15 a 
collection of metric spaces and H is the relation (in .#) defined by 
EHF if and only if E is homeomorphic to F, where E, F ¢./#, then 
H is an equivalence relation. 


EXERCISES 3.3 
1. Let J = (0, 1); by finding a suitable bijection from J to R show 
that (R, d), (1, d) are homeomorphic. If J,, J, are open intervals 
show that (1), d), (J,, d) are homeomorphic. (Here d denotes the 
Euclidean metric on R or on any subset of R.) 


2. (i) Let (X, p), (X’, p’) be homeomorphic. Show that (X, p) is 
discrete if and only if (X’, p’) is discrete. 

(ii) Two sets X, X’ are said to be equipotent if there exists a 
bijective mapping between them. If X, X’ are equipotent and ps p 
are discrete metrics associated with X, X’, show that (X, p), (X’, p’) 
are homeomorphic. 
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3. Let f:(X, p) > (Χ', p’) be a homeomorphism, Y ¢ X¥ and ye Y. 
Prove that 
(i) yis a limit point of Yifand only if f(y) is a limit point of f(Y); 
(ii) y is an interior point of Yifand only if f(y) is an interior point 
of f(Y). [Compare Exercise 3.2.5.] 


4. Let ΠΧ, p) > (Y, σὺ bea homeomorphism, and Z ¢ X be such 
that Z OZ" = & where Z’ denotes the set of all limit points of Z in 
(X, p). Show that /(Z) n {/(Z)} = Γ΄. 


5. Let X,, X,, X3 be three sets and f:X, > X2,¢:X, 7 Χῳ be two 
mappings such that go f is bijective. If either ¢g is injective or 7 is 
surjective show that f, g are both bijective. 

Now associate metrics p; with the sets ΧΊ (ἱ = 1, 2, 3) respectively. 
If moreover f, g are continuous and 8.9 fis a homeomorphism, prove 
that Κ g are both homeomorphisms. 


6. Let X = [0,2z) and let the function I: X > f(X)(S R*) be 
defined by f(t) = (cos ἰ, sin t) for all t in X. Associate the relevant 
Euclidean metrics with Χ' and J(X). Prove that f is a continuous 
bijection, but that f~! is not continuous. 


3.4 Equivalent metrics 


In this section we look at the case of homeomorphic spaces having 
the same underlying set: a special term is used to describe this 
situation. 


DEFINITION 3.4.1. Let (X, p), (X, ρ΄) be two metric spaces (having 
the same underlying set); if the identity mapping i:(X, p) > (X, p’) 
is a homeomorphism, then the metrics p, ρ΄ are said to be equivalent 
on X, 

Theorem 3.3.1 may now be restated in the following form. 

THEOREM 3.4.1. Let (X, Pp), (X, ρ΄) be two metric spaces. Then the 
following statements are equivalent: 

(1) the metrics p, p' are equivalent; 

(ii) for each Y < X, Yis open in (X, p) if and only if Y is open in 
(Χ, p'); 

(iii) for each Y | X, ¥ is closed in (X, p) if and only if Y is closed 
in (X, p’); 
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(iv) for each ¥ = X, Y° = Κρ, where Y°, Y° denote the closures 
of Y in (X, p), (X, ρ΄) respectively; | | ewe 

(v) the sequence (x,) converges to Xo in (X, p) if and only if it 
converges tO Xp» in (X, p’). 


It is clear that the relation of two metrics being equivalent 15 
indeed an equivalence relation. . - an 

The following result gives a sufficient condition for two metrics 
to be equivalent. 


LEMMA 3.4.1. Let (X, p), (X, ρ΄) be two metric spaces; if there 
exist strictly positive constants a, B such that 


ap(x, ¥) <p'(x, ») < βρ(χ, y) (3.4.1) 
for all x, y in X, then the metrics p, ρ΄ are equivalent. 


- Given any 8 > 0, let 6 = e/8; since ρ΄ < pit follows that 
κι. 8 for all. x, y such that p(x, y) «- ὃ. Spee san sen 
mapping of (X, p) into CX, ρ΄) is continuous over X; in < 
uniformly continuous over X since 6 is independent ο τ ᾿ 
Similarly it follows that the identity mapping of (X, p ) into CX, p 
is also uniformly continuous over X. Hence p, p’ are equivalent over 
τὴ we agree to say that ρ, ρ΄ are uniformly equivalent set = 
identity mapping of (X, p) onto (X, ρ and its ptr ότι ἐξῇ 
uniformly continuous over X, then the above proof shows at : ᾿ς 
implies that ρ, ρ' are uniformly equivalent. The ~~ wo 
metrics being uniformly equivalent is also an equivalence relation. 


Example. Let X = R™, x = (X4, «+5 Xm)o V = is ...ν} ὦ)» 
p(x, y) = ΓΣ μετ] 


1}Ρ 
3 


(3.4.2) 
where p > 1, and 
p'(x, y) = max [χ,--)}. 
isism 
Then p(x, y) >|x,—y,| for i = 1,...,m and so p(x, y) > p’(x, y) 
for all x, y in X. Furthermore 
p(x, y) < {m(max; |x,—y,|)?}"””, 


: { | inx. 
so that p(x, y) <m"/"p'(x, y) for all x, yin 
Thus τ Lemma 3.4.1 p, p’ are (uniformly) equivalent over X. 


]Ρ 
͵ 
i 


a ae ce es = μ- 
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Since the relation of metrics being equivalent is an equivalence 
relation, it follows that the metrics p defined by (3.4.2), for different p, 
are all equivalent. 

From the equivalence of the statements (i) and (v) in Theorem 
3.4.1, it follows that (x) converges to x in (X, p’) if and only if 
(x) converges to x in (X, p) for any p > 1 (including, of course, the 
Euclidean case of p = 2); this is precisely the conclusion we arrived 
at in §2.4 (ii)}-(iv) by a direct consideration of convergence in each 
of the metric spaces. 


Finally an example is given which shows the condition (3.4.1), 
although a sufficient condition for p, p’ to be uniformly equivalent, 
is not a necessary one, 

Let ¥ = R, p(x, νὴ) = |x—»l, and 


it is easily verified that (R, p’) is a metric space (see Exercise 2.1.4). 
Since p'(x, y) < p(x, y) for all x, yin R, it follows immediately (as in 
the first part of the proof of Lemma 3.4.1) that the identity mapping 
of (X, p) onto (X, p’) is uniformly continuous. However it is clear 
that there exists no constant ἃ such that «p(x, y) < p’(x, y) for all 
x, y in R; nevertheless the identity mapping of (X, p’) onto (X, p) 
is uniformly continuous. To show this, observe that if ¢ > 0 and 


en: ΡΣ Ἢ 
1+]x—y l1+e 


then |x—y| < δ; hence given any ¢ > 0, if we set ὃ = e/(1+e), it 
follows that p(x, y) < 8 for all x, y such that p‘(x, y) < ὃ, where ὃ 
is independent of x, y. 


As yet, the concept of boundedness, so important in the real 
Euclidean space, has not been generalized to arbitrary metric spaces; 
this is now done. 

If a set Y of real numbers possesses the property that there exists 
M such that |y| < M for all yin Y, then Y is said to be bounded. 
Since metric spaces do not possess an order relation we cannot 
generalize this definition of boundedness; therefore we look for a 
characterization of a bounded real set which can be generalized. 
This is easily found; the one we choose is as follows. The set Y of real 
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numbers is bounded if and only if there exists an interval (—M, Μὴ 
such that Y s (-- ΜΗ, M),. 

DEFINITION 3.4.2. A subset Y of a metric space (X, p) is said to be 
bounded in (X, p) if there exists a sphere S such that Y c S. If x 
is ἃ bounded set in (X, p) then (X, p) is said to be a bounded metric 


space. . oy 
Observe that (X, p) is a bounded metric space if and only if the 
set {p(x, y):x, y € X} of real numbers is bounded. 


LEMMA 3.4.2. For any metric space (X, p) there exists a metric ρ' 
uniformly equivalent to p such that (X, ρ΄.) is bounded. 


Proof. The metric defined by 


p(x, ¥) 
1+ p(x, y) 


will suffice. The details are left to the reader. 


p(x, y) = 


EXERCISES 3.4 
1. Let (X, p) be a metric space and define 
p(x, γ) 
1+(x, y)’ 


Show that (X, ρι), (X,p2) are both bounded metric spaces and 
P15 P2 are both uniformly equivalent to p. 


p(x, y) = p2(x, y) = min {1, p(x, y)}. 


2. In the notation of Exercise 2.2.2, show that p, p’ are uniformly 
equivalent. 


3. Are either of the metrics defined in Exercises 2.1.5, 2.1.6 equiva- 
lent to the Euclidean metric on R?? 
4. Let X be a finite non-empty set and p, p’ be any two metrics 
associated with Δ; show that p, ρ΄ are equivalent. 
5. Associate with the set @(/), where J = [a, Ὁ], the two metrics 
defined by 

ρ( , 8) = sup, |fO—-g@|, eg) = [ΣΧ -- δ] αἱ. 


Show that p, p’ are not equivalent. 


β 
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6. (i) Show that every discrete metric (on a non-empty set X) is 
equivalent to the standard discrete metric (on X). 

(ii) Define p:NxN— R by p(m,n) = |m~*—n~'|; show that 
(N, p) is a discrete metric space but that p is not uniformly equivalent 
to the standard discrete metric on N. 


3.5 The distances p(x, Y), p( Y, Z) 
We now define the distance of a point from a set and the distance 
between two sets. 
DEFINITION 3.5.1. Let (X,p) be a metric space, Y,Z be non- 

empty subsets of X and let χε XY. Then 

inf p(x, y) 

yer 
is called the distance of x from Y, and is denoted by p(x, Y); further- 
more 

inf p(y, 2) 


(y.zjeYxZ 
is called the distance between Y, Z, and is denoted by p(Y, Z). 


LemMA 3.5.1. Let (X,) be a metric space, Y be a non-empty 
subset of X and χε X. Then the function f:(X, p) — (R, 4) defined 
by f(x) = p(x, Y) is uniformly continuous over X. 


Proof. For any χρ in X it must be shown that, given any ¢ > 0, 
there exists 6 > 0 for which 


|p(x, Y)—p(Xo, Y)| <eé forall x such that p(x, x») < 6, (3.5.1) 


where 6 is independent of xp. 
Now for all yin Y 


p(x, ΥἹ < p(x, y) < p(x, Xo) + (Xo, ¥); 


hence p(x, Y) < p(x, Xo) + p(x, Y), 
and so P(x, Y)—p(Xo, Y) < p(x, Xo). 
Similarly ρίχο, Y)—p(x, Y) < p(xo; x), 
and thus le(x, ¥)—p(xo, Y)| < p(x, xo); 


hence taking 6 = (so that ὃ is independent of x9), (3.5.1) is satisfied. 
Thus fis uniformly continuous over X. 
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If xe Y, then clearly p(x, Y) = 0. However the converse of this 
is not true; that is p(x, Y) = 0 does not necessarily imply that 
xe ¥ (for example if ¥ = R, Y = (a,b) and x = a, then d(x, Y) = 0). 
The complete answer to ‘when does p(x, Y) = 07’ is given in the next 
result. 


LEMMA 3.5.2. Let (X,p) be a metric space, ΧΕ X and Y bea 
non-empty subset of X. Then p(x, Y) = 0 if and only if xe Y. 

Proof. By Lemma 2.6.1, χε Y if and only if given any e > 0, 
S(x, 8) 0 Y αὶ @, that is p(x, Y) < 8. Thus xe Y if and only if 
p(x, Y) = 0. 


EXERCISES 3.5 
1. Show that 
inf p(y,z) = inf inf p(y, 2) 
yeY |seZ 


(y,zyerrz 


p(Y, Z) = inf ply, Z) 
ye) 


[This result holds for any function p: YxZ — R which is bounded 
below. ] 


2. Let (X, p) be a metric space and {C,:A € A} be a class of closed 
subsets with the property that there exists 6 » Ὁ such that 
p(C,, Cy) > ὃ for all A τέ 4’. Prove that the union of all the sets C, 
is closed. 


3. Let A = {2,3,4,...}, Β = {24, 34, 44, ...}; show that A, B are 
two disjoint closed sets of (R, 4) such that d(4, B) = 0. [Thus if 
A, B are disjoint closed subsets of a metric space (X, p) it does not 
necessarily follow that p(A, B) # 0. See also (iii) of Exercise 5.8.5.] 


4, Let (X, p) be a metric space and Y be a non-empty subset of X; 
then 


that is 


sup p(x, y) 


xyeY 
is called the diameter of Y, and is denoted by d(Y). Show that 
(i) Y is bounded if and only if d(Y) is finite; 
(ii) d(Y) = d(Y); 
(iii) if Y, Z are non-empty subsets of X then 


d(¥ UZ) <d(¥)+d(Z)+0(¥, Z). 


4: COMPLETENESS 


4.1 Complete metric spaces 


We now turn to some aspects of convergence in metric spaces. First 
the reader is reminded of the following result concerning real 
sequences. 


PROPOSITION 4.1.1 (The Cauchy principle of convergence). The 
real sequence (X,) converges to a limit in R if and only if given any 
8.» Ὁ there exists N such that |x»_—x,| < ε for all m,n > N. 


Since this is a basic result concerning convergence in R, the 
question arises as to whether there is an analogue for general metric 
spaces; that is, in any metric space (X, p), can it be shown that a 
sequence (x,) converges to a limit in X if and only if given any 
8.» 0 there exists N such that p(x,,, x,) < ¢ for all m,n > N? The 
answer is ‘no’. For, in the metric space (Q, d) let the sequence (x,) 
be defined by 

er ἂν οἴ . l ἘΝ 
ae a ge 
then, as is well known, the sequence (x,) does not tend to a limit in 
Q, despite that given any e > 0 there exists N such that [Xm—X,] « 8 
for all m,n > N. 
We make some definitions. 


DEFINITION 4.1.1. A sequence (x,) of points in a metric space (X, p) 
is called a fundamental (or Cauchy) sequence in (X, p) if, given any 
é > 0, there exists N such that p(x,,, x,) < efor all m,n > N (that 
is, if p(X, X,) - 0 as m,n -- oo). 

Roughly speaking a fundamental sequence (x,) is one for which 
the members x, become closer and closer to each other as n > oo. 

It follows that any sequence (x,) in (X, p) which is convergent 
must be fundamental. 

The question that was asked above can now be expressed as ‘does 
every fundamental sequence of a metric space (X, p) converge to a 
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limit (in X)?’. The answer, as we have seen by example, is ‘no’. This 
leads us to study those metric spaces in which every fundamental 
sequence does converge to a limit in the metric space. 


DEFINITION 4.1.2. The metric space (X, p) is said to be complete 
if every fundamental sequence in (X, p) is convergent in (X, p). 

Thus, (Q, d) is not complete, but (R, d) is complete. Again roughly 
speaking, Just as Q contains ‘gaps’ in the sense that there exist 
sequences in Q (such as the one described above) whose elements 
become closer and closer to each other without converging to an 
element of Q (but instead becoming closer and closer to a gap), in 
the same way metric spaces which are not complete possess gaps. 

It will be remembered that if Y is a non-empty subset of ¥, then 
a point X» of X is a limit point of Y if and only if there exists a 
sequence of distinct points of Y which converges to xy (see Theorem 
2.5.1); furthermore Y is closed if and only if it contains all its limit 
points (see Theorem 2.6.1). When discussing completeness (a 
concept defined in terms of convergence) these characterizations of 
limit points and closed sets will be particularly useful since they 
describe these concepts also in terms of convergence. This is illus- 
trated in the proofs of the next two simple results concerning the 
completeness of subspaces. 


THEOREM 4.1.1. If Y is a non-empty subset of a complete metric 
space (X, p) then (¥, py) is complete if and only if Y is closed in (X, p). 


Proof. First suppose that Y is closed in (X, p), and let (x,) be a 
fundamental sequence of (Y, py). Then (x,) is also a fundamental 
sequence of (X, p), so there exists x9 in X such that x, -Ὁ xy; but by 
Lemma 2.6.1, x9 € ¥Y so Xo € Y. Hence (Y, py) is complete. 

Conversely suppose that (Y, py) is complete. Let x be any limit 
point of Y, so there exists a sequence (x,)in Y which converges to x; 
then (x,) is a fundamental sequence of (Y, Py) and so its limit x 
belongs to Y. Hence FY is closed. 


In the second half of the preceding proof we did not use that 
(X, p) is complete. Hence we have the following result. 


THEOREM 4.1.2. If Y is a non-empty subset of a metric space (X, p) 
and if (Y, py) is complete, then ¥ is closed in (X, p). 


We establish two other results which will be required later, 


———— 
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THEOREM 4.1.3. Zf (x,) is a fundamental sequence of a metric space 
(X, p), and if (x,) has a cluster value c in X, then the sequence con- 
verges (to c). 


Proof. Given any ὃ > 0 there exists N such that p(x,,, x,) < 4e 
for all m,n > N. Since c is a cluster value of the sequence, by 
Theorem 2.9.1, there exists n’ > N such that p(x,-, c) < 4e. There- 
fore, for any n > N, 


P(X ns c) < P(Xps Xy) + P(Xy’, ¢) - δ. 
Thus (x,,) converges to 6. 


THEOREM 4.1.4. Every fundamental sequence of a metric space is 
bounded. 


Proof. Let (x,) be a fundamental sequence of (X, p). Then there 
exists N such that p(x,,, x,) < 1 for all m,n > Ν, so x, € S(xy, 1) 
for all η > Ν. There remain x,, X2, ...,Xy—, which may not be in 
this sphere; we therefore define another sphere, centre xy, but with 
suitably larger radius. Thus, let 


r> max {l, p(x;, xy) P(X2, Xy)s seey P(Xy-1; Xy)}; 


so x, Ε S(xy, r) for all n. Hence the sequence is bounded. 
It is clearly a corollary of this result that every convergent sequence 
of a metric space is bounded. 


EXERCISES 4.1 
1, Let (a,), (6,) be sequences in (X, p) such that (a,) is a fundamental 
sequence and p(a,, δ.) ~ 0 as --- co. Show that 

(i) (6,) is a fundamental sequence in (X, p); 

(ii) (6,) converges to a limit /if and only if (a,) also converges to /. 


2. Show that any metric space with only a finite number of points 
is complete. 


3. Show that the metric space (N, p) defined in Exercise 3.4.6 is not 
complete. 


4, Show that ((0, 1), 4) is not complete. Deduce that if (X, p), (X’, p’) 
are an arbitrary pair of homeomorphic spaces, then completeness of 
one space does not imply completeness of the other. [Note, however, 
the result of the next exercise. ] 
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5. Let (X, p), (X’, p’) be two metric spaces and /:(X, p) > (X’, p’) 
be uniformly continuous. If (x,) is a fundamental sequence in (X, p), 
show that (/(x,)) is a fundamental sequence in (X’, p’). If, further- 
more, f is a bijective function such that f~* is also uniformly con- 
tinuous, prove that (XY, p) is complete if and only if (X’, p’) is 
complete. 


6. Define p:RxR — R by 
p(x, y) = ee Oa 
V/(1+x7)/(1+y’) 


Show that (R, p) is a metric space which is not complete. Show also 
that the identity mapping 7:(R, d) > (R, p) is uniformly continuous. 
[Thus a uniformly continuous mapping does not necessarily map a 
complete space into a complete space. ] 


4.2 Examples concerning the completeness of metric spaces 


The metric spaces of §2.2 will now be examined to see whether or 
not they are complete. The reader should refer back to §2.2 for the 
details of definition of each space; he is also reminded of the con- 
vention introduced at the beginning of §2.4. 

(i), (ii) X = R, R™ respectively, with p the corresponding 
Euclidean metric; then these metric spaces are complete—by the 
Cauchy principle of convergence in 1, m dimensions respectively. 

(iii) X¥ = R”, and 


(mm 1 
p(x, y) = { > μιν} - 


Let (x) be a fundamental sequence where x = (x%, ..., x). 
Then given any e > 0 there exists N such that 


Σ [xf --χ τ} « e?, foralln,n’ > Ν. (4.2.1) 
ἐξ] 


Hence for each i, |x{—x{"?| « e for all n,n’ > N; therefore, by 
the Cauchy principle of convergence there exists a real number, x; 
say, such that x" > x, as m -- οὐ. Let x = (x, ..., X,,)3 it will be 
shown that x — x in (X, p), so the latter is complete. In doing this 
we take particular care with the details in order to throw further 
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light on the similar, but more difficult, argument which is used 
below in (vi). | 
Let πη be any integer greater than N and set 


ΠῚ 
»»ΞΣ [xf — xf"? 
i=1 


therefore, from (4.2.1), y,- < e? for all μ' > N, and hence 


lim Vat “ ε΄. 
Since 
brs p> |xf? —x “|p ae |xf —x,|?, (4.2.2) 


it follows that 
Σ PP)? <e? foralln >N; 


thus χ + x asn— oo in (X, p). 

(iv) X= Ἀπ, and p(x, y) = max,|x,—y,|. Completeness is 
established exactly as in (iii). 

(v) X is any non-empty set, and p is the standard discrete metric. 
Let (x,) be a fundamental sequence; then there exists N such that 


P(X» ΧΩ) < 1 for all m,n > N, so x, = xy for all η > N. Thus any 
fundamental sequence must be of the form 


(x, Χ.γ e0y XN XN Ans ‘eed 


which clearly converges to xy (in X). Thus (X, p) is complete. 
However not every discrete metric space is complete; see, for 
example, Exercise 4.1.3. 


(vi) X¥ = ἔν, and 
δ᾽ i/p 
p(x, y) = [Σ κι] . 
Then (¢?, p) is complete; the proof of this is similar to, but not as 
easy as, that of (iii). 
Let (x) be a fundamental sequence where x = (x{”, x{, ...). 
Then given any ¢ > 0 there exists N such that 


2, [ef — xf]? - εἴ, foralla,n’ > N. (4.2.3) 


§ 4.2 COMPLETENESS 71 


Thus for any positive integer m, 
᾿ [xi --χ Ὁ» « ε΄, foralln,n’ > N. (4.2.4) 
i=] 


Also for each i, |x{—x{"?| <e, for all n,n’ > N; as before it 
follows that x!” must tend to a real limit, x; say, as ἢ --Ὁ 00. Let 
x = (X,, X2, --.); it will be shown that x, — x in (X, p). We cannot 
use exactly the same argument as in (iii) since (4.2.2) no longer 
follows immediately when m is replaced by οὐ; why? We modify 
the argument as follows. 

From (4.2.4), letting π΄’ — οὐ, it follows that 


Σ βοτὰ <2e?, (4.2.5) 


for any positive integer m. Now let the left side of (4.2.5) be denoted 
by s,,; then (s,,) is a positive bounded increasing sequence, so has a 
finite limit, s say, as m -Ὁ οὐ and s - ε΄, Hence 


τ , 1}Ρ 
[ ΣῈ r-xp <e, foralln > N; 
i=1 


thus x +xasn— o. 
Finally we must show that x € ¢?; writing 


x, = (x,—x}”)+xf, 


then by Minkowski’s inequality 
{Σ:|χι}}""» « (Ei [ad P3 P+ is aE? < ο, 
so ΧῈ ἔξ, 

(vii) X = m and p(x, y) = sup, |x,—y,|. An argument similar to, 
but rather simpler than, that used in (vi) shows that (s#, p) is 
complete. 

(viii) X = G1), and p(x, y) = sup, |x()—y()|. Let (x,) be a 
fundamental sequence; then given any ¢ > 0 there exists N such that 
sup, |x,(f)—Xm(t)| <8, for all m,n > Ν. 

Hence for each tf in J, |x,(#)—x,(t)| < ¢ for all m,n > N, where Ν 
is independent of t. Therefore by the Cauchy principle of uniform 
convergence (see Theorem 1.6.9), it follows that there exists a 
function x such that x, x uniformly over J; furthermore (by 
Theorem 1.6.7) x Ε G(J). This establishes completeness. 
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(ix) X¥ = A), and p is again the supremum metric. Then 
(Bd), p) is complete. 
(x) X = (1), and 
p(x, ¥) = fa [χ(ἡ-- (ἡ } at; (4.2.6) 
then (@(J), p) is not complete. 


For, let a < ¢ < b, and x be a sufficiently large positive integer 
such that a < c—1/n; then define x,:J - R by 


0 ifa <t <c—1/)n, 
x,(t) = | nt—ne+1 ife-—I/n<t <e, 


1 ife<t <b. 


a e-l/n δ 6 ¢ 
Clearly x, is continuous over J, and 
P(Xns Xm) - τυ ijn X q(t) dt + ie 1/m Xm(t) at ae 4 (μ΄ , Ἐπ ἢ), 
so (x,) is a fundamental sequence, 


Suppose now that there exists a continuous function x such that 
ρίχ,» X) — ΟΣ it will be shown that this leads to a contradiction. Since 


ρίχ,» Χ) = Jao" |x) | dt + Jo syn [x (O—x(O| dt +f |1—x()| dt, 
and p(x, X,) > 0, it follows that 
0 fortin fa, c) 
1 fort in (ce, δ]. 


Clearly x is not continuous, so we have a contradiction. 
Consequently the metric space is not complete. 


x(t) = 


It is therefore seen that if we associate the supremum metric with 
(I) we obtain a complete space; on the other hand if we associate 
the integral metric (4.2.6) with @(/) we obtain a metric space which 
is not complete. For this reason, as far as we are concerned in the 
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present text, the supremum metric, or a slight variation of it which 
we introduce later, is the one which we shall find most useful to 
associate with @(J). 

However in a more general situation where the integral (4.2.6) is 
taken in the Lebesgue sense over the set of all Lebesgue integrable 
functions the resulting metric space is complete. 


EXERCISES 4.2 


1. Using the result of Exercise 4.1.5 and the example of ὃ 3.4 show 
that the metric spaces defined in §2.2 (iii), (iv) are complete. 


2. Using Exercise 2.4.1 show that the metric spaces (X, p), (X, p’) 
defined in Exercise 2.2.2 are complete if and only if the spaces 
(X;, p;)), i = 1, ..., m are all complete. 


3. Let (we, p) be the metric space defined in §2.2 (vil); let δ < a be 
the subset consisting of all convergent sequences. By Exercise 2.6.6 
it follows that 2 is closed in (sx, p), so (ς, p,) is complete. 

Let δὺ be the subset consisting of all convergent sequences whose 
limit is zero; show that (co, ρ,.) is complete. 

Let # be the subset consisting of all sequences (x,) such that only 
a finite number of the x, are non-zero; show that (#, p,) is not 
complete. 


4. Using Exercise 2.4.2 show that the metric spaces defined in 
Exercises 2.2.3, 2.2.4 are complete. ᾿ 


5. Show that the metric spaces defined in Exercises 2.1.5, 2.1.6 are 
complete. 


6. Show that the metric space defined in Exercise 2.4.4 is complete. 


4.3 Cantor’s intersection theorem 


First the reader is reminded of the following result which holds in 
R™ (with the Euclidean metric). 


PROPOSITION 4.3.1 (Cantor’s intersection theorem). Let (S,) be a 
nestedt sequence of closed spheres in ἈΠ let r,, be the radius of S,. If 


+ Asequence (X,) of sets is said to be nested if X, > X,+, foreachn. 
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r, 2 Ὁ as ἢ -- οὐ, then there exists a unique point x common to all of 
the spheres, that is 


ἣ 5,'= {x). 


The proof of this result depends essentially on the completeness of 
R™. The result does not hold in the (non-complete) metric space 
(Q, 4). For let x be any irrational in R; by the result quoted in the 
footnote on p. 47, there exists an increasing sequence (s,) of rationals 
and a decreasing sequence ({,) of rationals such that both sequences 
converge to x. Now set 


Sy = (4:8, <9 < ty 7 € Qh. 


Then clearly (5,) is a nested sequence of closed spheres in (Q, d). 
Furthermore there is no point common to all the S,; why? 

Cantor’s theorem can be generalized to any complete metric space. 
This we now do; a two-way result is established. 


THEOREM 4.3.1. Let (X, p) be a metric space. Then the following 
statements are equivalent: 
(i) (X, p) is complete; 
(ii) every nested sequence (δ᾽) of closed spheres (in (X, p)), with 
radii tending to zero, has exactly one point in the intersection 
ἧ 5. 
a=] 

Proof. Assume (i); let (S,) be a nested sequence of closed spheres, 
and let S$, = S(x,, r,,) where r, > 0 asm -- ©. 

If m>n, then δ, Ξ S,, so x,,€5,, and thus ρί(χ,,» Χ,) <?,3 
hence p(X; X,) τὸ 0 as m,n-— oo, that is (x,) is a fundamental 
sequence, Since (X, p) is complete, the sequence (x,,) converges to a 
limit, x say,in Α΄. Since all the points of the sequence (X,,,X,4.15Xn+23--+) 
are in S,, and since S, is closed, it follows that x € 5,. This is true for 
every ἢ, SO 


Next is shown that x is the only point common to all the spheres. 
For suppose γε S, for all n; then 
P(x, ¥) «ὦ p(X, X,)+p(%» }) < 2r, 
for all n. Since r, — 0, it follows that p(x, y) = 0, so x = y. 
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Now assume (ii), and let (x,,) be a fundamental sequence in (X, p). 
Then, given any ¢.> 0, there exists N such that p(x,,, x,) < ¢for all 
m,n > N and, in particular, p(xy, x,,) < 8 for all m > N. 

Let nm, be defined so that p(x,,, x,,) < 4 for all m >n,; denote 
ὃ, = S(x,,, 1). Let mz (> πὶ) be defined such that p(x,,, Xn) < 4 
for all m >n,; denote S, = S(x,,, 4). Then if xe δὲ 


p(x, Xn,) -ς p(x, Xq) +P Xn,» Xn) <1, 


so that xe 5,; hence 5, 2 5,. Next let n,(> π2) be defined such 
that p(x,,, Xm) < ἢ for all η >n3; denote S$, = S(x,,, 4). It is easily 
seen, as above, that S, > §;. 

Proceeding in this way (that is, by induction) we can define a 
nested sequence of closed spheres (5,) where the radius of S$, is 
2. (ἐπ ) Then by hypothesis there exists a unique point x such that 


Qs == {x}. 


Since p(x,,,x) «2. δὴ it follows that x,, +x as k - οὐ; by 
Theorem 4.1.3 it follows that x, ~ x as n > oo. 
Thus any fundamental sequence of (X, p) is convergent. 


EXERCISES 4.3 
1. Show that Theorem 4.3.1 can be reformulated as follows. 

Let (X, p) be a metric space. Then the following statements are 
equivalent: 

(i) (X, p) is complete; 

(ii) every nested sequence (A,) of non-empty closed sets whose 
diameters (see Exercise 3.5.4) tend to zero, has exactly one point 
in the intersection 
r= 

n=] 

Taking A, = (0, "7 ἢ) and A, = [n, 00) respectively, show that 
neither of the conditions: all the sets A, are closed, d(A,) - 0, may 
be omitted from (ii). 

2. Define p:NxN — R by 


l+(m+n)"' ifmsn 


m,n) = 
tid 0 ifm =n; 
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verify that (N,p) is a complete metric space. Show that 
(S(n, 1+(2n)~*)) is a nested sequence of closed spheres whose radii 
tend to a non-zero limit, but the intersection of the spheres is empty. 

[Thus in Theorem 4.3.1 it is not possible to omit the condition 
that the radii of the spheres tend to zero. See, however, Exercise 
5.2.5.] 


4.4 The completion of incomplete metric spaces 

It was explained in §4.1 that (Ὁ, d) is not complete but (R, d) is 
complete; thus (Q, d) is a subspace of a complete metric space. In 
the imprecise, but suggestive, language of §4.1 we say that the gaps 
of (Q, d) may be filled by regarding Q as a subset of a larger space, 
namely (R, d). A question which arises from this is ‘For any metric 
space (X, p) which is not complete, does there always exist a complete 
metric space of which (X, p) is a subspace ?’. In brief the answer to 
this is ‘to all intents and purposes, yes’. In the process of making this 
precise and establishing the assertion, we go further and show how to 
construct a complete metric space, which we shall denote by (X, fp); 
(X, p) is not truly a subspace but is, as far as we are concerned (in 
relation to all its metric space properties), equivalent to a subspace 
of (X, ῥ᾽). We describe this situation by saying that (X, p) is embedded 
in (X, p). 

In order to carry out this procedure we look at the method by 
which the set of rationals is embedded in the set of reals. There are 
several ways in which this can be done. Firstly there is Dedekind’s 
method of cuts; however this depends essentially on the order 
relation (the relation <) of the rationals, and so the method cannot 
be generalized to an arbitrary metric space (since this does not 
necessarily have an order relation). Secondly there is Cantor’s 
method in which the reals are constructed from the fundamental 
sequences of rationals (see Cohen and Ehrlich (1963), Chapter 4). 
This method does not involve any ideas which are not capable of 
generalization to any metric space; the method which we describe 
will be based on the same procedure. 

First it is necessary to define some elementary terms. 


DEFINITION 4.4.1. Let (X, p), (X’, ρ΄ be two metric spaces, and 
J:X — X’ be a bijection. Then / is said to be an isometry (or an 
isometric mapping of (X, p) to (X", p’)) if, for all x, y in X. 


p'(S(x),f@)) = pC y). 
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More briefly we shall then say that /:(X, p) ~ (X’, p’) is an 
isometry. An isometry is thus a bijection between two metric spaces 
which preserves distances. Clearly f~':(X’, ρ΄) > (X,p) is an 
isometry if f:(X, p) > (X’, p’) is an isometry. 

Two metric spaces (X, p), (X’, p’) are said to be isometric if there 
exists an isometry of (X, p) to (Δ΄, ρ΄). Any result which has been 
proved for a metric space (X, p) and which depends only on the 
distances between elements of X, for example, convergence, complete- 
ness, etc., will give a corresponding result concerning any isometric 
space (X’, ρ΄). Thus for such results isometric spaces may be con- 
sidered as equivalent. 

It is clear that 

(i) any isometric mapping is continuous, and indeed is a homeo- 
morphism; 

(ii) isometry is an equivalence relation. 


Next we say precisely what we mean by embedding. 


DEFINITION 4.4.2. If (X’, ρ΄) is a metric space, X” is a subset of 
X', and (X, p) is a metric space such that (X, p), (X", ρ΄ are iso- 
metric, then (X, p) is said to be isometrically embedded in (X", ρ΄). 

The diagram illustrates this definition. 


Finally one other term is required. 


DEFINITION 4.4.3. In a metric space (X, p) any two fundamental 
sequences (x,), (y,,) such that p(x,, y,) > 0 as n ~ οὐ are said to be 
equivalent; this is written as (x,) ~ (),). 

This property is indeed an equivalence relation; verification is 
trivial. Therefore (by Theorem 1.3.1) the set of all fundamental 
sequences may be partitioned into equivalence classes in such a way 
that all the sequences which are mutually equivalent belong to the 
same class, 
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The main result is now given; the proof is long, so it has been 
divided into stages. The theorem essentially amounts to the state- 
ment that any metric space (X, p) can be isometrically embedded in 
a complete metric space (X, f). (In this section we shall write (Y, p) 
in place of (¥, fz), where ¥ ες X.) 


THEOREM 4.4.1. Let (X, p) be any metric space; then there exists a 
complete metric space (X, p) which contains a subspace (¥, p) such 
that | 


(i) (X, p) is isometric to (Y, p), 

(ii) Y is everywhere dense in (X, p). 

Proof. 1. To construct the metric space (X, p). 

Let X be the collection of all equivalence classes of equivalent 
(fundamental) sequences of X. Let X, § be two elements of X; from 
these classes choose, respectively, two arbitrary sequences (x,), (y,) 
80 (x,) € X, (y,) € §. It will be shown that (p(x,, y,)) is a fundamental 
sequence of reals. 

By the inequality (2.3.1) we have 

| P(X ms Yen) — P% n> γὼ] < P(X mn» Xn) + PO ms Yn); 
since (x,), (y,) are fundamental, given any ¢ > 0 there exists N such 
that p(x,,, X,) < 4¢ and p(¥m, ¥,) < 42 for all m,n > N, so 
|P(Xms Ym) — ρίχ, γὼ] < ε 


for all m,n > N. Thus the sequence (p(x,, y,)) of reals is fundamental 
and so (by the Cauchy principle) possesses a limit in R; denote this 
limit by p(X, ἢ), that is set 


P(X, ¥) = lim p(x,, »,). (4.4.1) 
It is easy to see that A(X, ἢ) is independent of the sequences 


(x,), (¥,) Which are selected from X, . For suppose (x,), (x/) ε , 
(Ya)> On) € J; then 


|(Xn» Ya) — P(Xn» Yn)| < P(%ps X4)-+ Pn» Yh) 
(again by (2.3.1)), so on letting ἡ — oo it follows that 
lim P(Xn» Yn) = lim P(X,» νυ. 
A= oD A op 


which establishes our assertion, 
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Next it is shown that (X, f) is a metric space. 
Firstly it is clear that p(X, §) > 0; also 


A(%, Χ) = lim p(x, x,) = 0. 


Suppose A(X, ἢ) = 0, so p(x,, Κι) > 0 as m + 0; hence (x,) ~ OQ»), 
and so X = f. Thus A(X, Γ) > 0, with equality if and only if X = j. 
Secondly, and trivially, 6(X, ἢ) = pj, X) for all X, pin X. 
Lastly, for any X, f, Z in X, if (x,) ε X, (y,) € 3, (z,) € Z, since 


ρίχ,» Yn) S P(Xns Zn) + ρ(Ζ,» Yn)s 
it follows that 
p(X, 9) < p(X, 2):-Ὲ ῥ(ξ, y). 
Hence (X, fp) is a metric space. 


II. To show that (X, p) is isometrically embedded in (X, ῥ᾽. 


Let ¥ denote the subset of ¥ such that ¥ ε Y if and only if each 
fundamental sequence of X is convergent. It is easily verified that 
(i) if (x,) eX converges to some element x in X, then every 
fundamental sequence of X¥ also converges to x; 
(ii) furthermore, the fundamental sequence (x, x, ...,x,...)(known 
as a constant sequence) will then also belong to X; 
(iii) this is the only constant sequence in X. 


These facts enable us to exhibit a natural bijection /: X -- Y; it is 
defined as follows. Let χε X, and let X be that element of X¥ which 
contains the constant sequence (x, x, ...); then XE Y. Let f(x) = ¥ 
for all x in X. By (ii) and (iii) this is a bijection of X¥ onto Y. Further- 
more, if x, VE x, then p(s, y) Ti p(x, y), 50 (x, ρ), (Y, p) are 
isometric. 


ΠῚ. To show that ¥ is everywhere dense in (X, p). 


Let ζ ε X and let (x,) be a fundamental sequence in X; then given 
any e > 0 there exists N such that p(x,,, xy) < ¢ for all m Ν. 
Denote the equivalence class to which the constant sequence 
(xy, Xy, ...) belongs by Xy, so that X, ε ¥. Now 


A(X, Xy) = lim p(x,, xy) <e. 
Po 


Hence, by Lemma 2.10.1, ¥ is everywhere dense, 


80 METRIC SPACES § 4.4 


IV. To show that (X, p) is complete. 


This is more difficult to establish. In accordance with the remark 
at the beginning of §2.4, let (X“) be an arbitrary fundamental 
pi in (X, p); our aim is to show that this sequence has a limit 
Xin X. 

Since Y is everywhere dense in (X, p), for each integer n there 
exists an element #” of Y such that p(X, §™) <n71. Since 
(%) is a fundamental sequence, given any ¢ > Ὁ there exists N such 
that A(x’, x) < 4e for all m,n > N. Then it follows that (#”) is 
also a fundamental sequence; for 


BH, FO) « PF, FP) + HEM, FE) + HR, H™) 
<m'+4e+n7', 
for all m,n > N’, where N’ = max (Ν, 4/e). 

Since j™ ε Y, it follows that all the (fundamental) sequences in 
7) are convergent, having a common limit, say y,; in particular the 
constant sequence (y,, y,, --.) belongs to γί), Now, by (4.4.1), 

PY m» Yn) = PF, J) «ε (4.4.2) 


for all m,n > N’, so (y,) is a fundamental sequence of (X, p). Hence 
it belongs to some element of X; call this element %. 

Lastly it will be shown that the fundamental sequence (<) 
converges to X. Now 

aE, 3) < AE, IM) + HH, Ὁ 
<n™' +p(p™, X); 
but by (4.4.1) and (4.4.2) 
pF, X) = lim p(y, »») Se 
P= mo 


for all n > N’. Hence p(=™, Χ) < 2e for all n sufficiently large and 
so (X) converges to ¥ in (X, p). 

This concludes the proof. 

We make some remarks. 

(i) The above proof depends essentially on the completeness of 

R (with Euclidean metric); thus the proof does not provide a method 
for constructing the real number system from the rationals, although 
it was motivated by Cantor’s construction of the reals. 


§ 4.4 COMPLETENESS 81 


(ii) If, in the notation of Theorem 4.4.1, (X, p) is complete, then 
(X, p) and (X, A) are isometric and can be identified. 


(iii) There exist other methods of obtaining a completion (X, A) 
of (X, p); one such method is outlined in Exercise 4.4.4, In this, 
(X, p) will again be found to be isometric to an everywhere dense 
subset of (X, ἢ). By Theorem 4.5.1 the completions obtained in the 
the two ways will be isometric, so may be identified. 


EXERCISES 4.4 


1. Show that two convergent sequences of (X, p) are equivalent if 
and only if they have the same limit. 


2. If the metric spaces (X, p), (X', ρ΄ are isometric, show that CX, p) 
is complete if and only if (X’, p’) is complete. 


3. Show that the sequences (a,), (6,) are fundamental and equivalent 
if and only if they are both subsequences of some fundamental 
sequence (c,). 


4, Let (X, p) be a metric space and let x, € Α΄. Let X* denote the set 
of all functions from (X, p) to (R, d) which are bounded and con- 
tinuous over X. 


(i) For each x in X define a function f, by 
FAY) = p(y, X)— PY Xo). 
Show that 
ΚΟ] <p, Xo), [AOI < 200, »); 
deduce that /, € X*. 
(ii) Define F:¥ + X* by F(x) Ξε Κζ. Associate with X* the 
supremum metric 
Pg, h) = sup |g(x) —A(x)]. 


Verify that (X¥*, p) is a complete metric space. 


Define X to be the closure of F(X) in (X*, fj), so (X, pf) is complete 
and F(X) is everywhere dense in (X, f). 
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(iii) Show that F is injective, and that 


If.) -F0)| «ρα, x’) 


for all x, x’, y in X, and that equality occurs. Deduce that 


Ρ(Ε (x), F(x’) mid p(x, x’), 
and so (X, p), (F(X), p) are isometric. 


4.5 The uniqueness of (X, /) up to isometry 


The next question to be discussed is whether a metric space is 
embedded uniquely, in any sense, in a complete metric space. 

Since (Q,d) can be embedded in the complete metric space 
(R™, d), for m = 1,2, ..., where d is the relevant Euclidean metric 
in each case, it follows that the embedding of a metric space in a 
complete metric space is not unique. However it is clear that by 
considering (Q,d) as being embedded in (R",d), m >2 we are 
embedding (Q, d) in unnecessarily large metric spaces. Therefore we 
restrict (in an obvious way) the set of completions of a given metric 
space, and ask again the question concerning uniqueness for these 
completions. The answer, now in the affirmative, is contained in the 
next result. (In this section we write (Y, 6) in place of (Y, fz) and 
(?’, 21 in place of (¥’, Ay.).) 


THEOREM 4.5.1. Let (X, p) be a metric space; let (X, p) be the 
completion of it constructed in the proof of Theorem 4.4.1, and Y be 
the subset of X defined in §4.4, so (X, p) and (Y, p) are isometric. 

Suppose (X', p’) is any other complete metric space such that 

(i) (X, p) is isometrically embedded in (Χ', p'), and let Y' be that 
subset of X' such that (X, p) and (¥’, β΄) are isometric, and 

(ii) Y’ is everywhere dense in (Χ', ἢ; 
then (X, p) and (X", p’) are isometric. 


Proof. By Theorem 4.4.1, (X, p) is isometric to (Y, ὅ), and by the 
hypotheses of the present theorem, (X, p) is isometric to (Y’, f’); 
therefore (Y, f) is isometric to (Y’, β΄ since isometry is an equiva- 
τὰ relation. Let g: Y— Y’ be an isometric mapping of (Y, ῥ᾽) to 
(Y", P’). 

An isometry of (X, jf) to (X’, f’) is obtained by extending the 
domain of g to X in the way which arises naturally from the fact that 
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Y is everywhere dense in (X, p). It is then shown that the extended 
mapping so obtained is also an isometry. The details follow. 

In the remainder of the proof it is convenient to denote a sequence 
in X by (X,) rather than (%™) as was done in §4.4; no confusion 
should arise. 

Let ¥ Χ,, so there exists a sequence (%,) in Υ which converges to 
% in (X, ῥ᾽). Then (&,) is a fundamental sequence of ( Y, ἢ); hence 
(2(X,)) is a fundamental sequence of (Y’, p’), and so it has a limit, 
say ζ΄, in (X’, p’). 

Extend the mapping g:Y— Y’ to a mapping ΟΣ > Χ' by 
defining G(x) = x’. In order that this definition be meaningful and 
agree with g on Y it is necessary to verify that it is independent of 
the choice of sequence (ζ,). To do this, suppose that (f,) is another 
sequence in Y which also converges to ¥; then, by isometry, and 
using Lemma 2.3.1 


lim p'(g(%,), gGn)) = lim p(X, J,) = 0, 
Ao π- δ 
and, using Lemma 2.3.1 again, it follows that 
lim g(X,) = lim g(7,). 
n=? 2 A= oo 
Although g: Y + Y’ is bijective, an arbitrary extension of g will 
not necessarily also be bijective; it is now shown that the particular 
extension defined above is indeed bijective. 


First let ¥, f eX and let (%,), (§,) be sequences in ¥ which con- 
verge to X, } respectively. Then 


βία, F) = lim lp Jn) = lim fe), 86) 
= BGS), 5), 


80 P(X, ¥) = p'(G(X), Οὔ). (4.5.1) 


Now suppose that there exist ¥, f in X¥ such that G(X) = G(j); 
then from (4.5.1) it follows that ¥ = j, so G is injective. 

To show that G is surjective let ζ΄ be any point of ζ΄ and let (%’) 
be an infinite sequence in Κ΄ which converges to ζ΄. Then (g~ '(¥/)) is 
a fundamental sequence of (Y, 9) which therefore has a limit ζ (say) 
in X. Using (4.5.1) we have 


P(g "(n)s X) = β΄ (χᾳ, G(R); 
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on letting m > σὺ it follows that p’(X’, G(X)) = 0. Hence Χ' = G(X) 
and G is surjective. | 

From (4.5.1) it now follows that G:(X, p) — (X’, f’) is an 
isometry. 


4.6 The contraction mapping theorem 
The remainder of the present chapter is devoted to this powerful 
result concerning complete metric spaces, and some applications of 
it. 

First, two terms are defined. 


DEFINITION 4.6.1. Let f be a mapping of a non-empty set X into 
itself. If there exists x’ in X such that f(x’) = x’, then x’ 15 called a 
fixed point of f. 

DEFINITION 4.6.2. Let f be a mapping of a metric space (X, p) into 
itself. Then fis called a contraction mapping if there exists A such that, 
for all x, yin X, 

Pf (x), fO)) < λρία, y) 
where 0 <A < 1. 

It is stressed that 

(i) A is strictly less than 1, and 

(ii) Ais independent of x, yin X. 

The following result can be deduced immediately. 


LemMaA 4.6.1. Let (X, p) be a metric space and f:(X, p) > (X, p) 
be a contraction mapping; then f is uniformly continuous over X. 


The basic result, known as the contraction mapping theorem or 
Banach’s fixed point theorem, is now established. 


THEOREM 4.6.1. Let (X,p) be a complete metric space, and 
F(X, p) > (Δ, p) be a contraction mapping; then f has exactly one 
fixed point. 

Remark. The essence of the proof depends on the fact that if there 
exists a fixed point x’, then the distance of any other point x from x’ 
is reduced by f. Repeated applications of the mapping / shrinks this 
distance further, until in the limit it is zero; that is, writing 


SX) =f/FO PR), π = 2,3,.... FPR) = SO), 
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then lim f(x) = x’. 
A= op 


Therefore, in order to prove the existence of such an x’, we look 
at the sequence (f‘”(x,)) for some x, in X, show that this does have 
a limit (without assuming the existence of a fixed point) and show 
finally that this limit is indeed the (unique) fixed point of ἢ 

Proof. Let X9 be any point of X, and define the sequence (x,) in 
(x, p) by Xn = f(x), i= 1, 2, ἊΣ thus Xn = f(x ~1): 

First we show that this sequence is fundamental. For 

AXns Xn+ ι) i PU, - > F(X) - AAXn— 1, Xn) 
s 2? p(x,- 2> ἴηῃ- 1) 


< 4" p(X, Χι) = λα, 
say. Let m,n be any integers such that m « πὶ then 
P(Xms Xn) «ς P(Xms Xm+ 1) + P(%m+ 1: “m+ 2) +... + p(x, - 1s Xn) 
- λα λεῖα... λα 
λα 

> 1—2’ 
since 0 <A < 1. Therefore it follows that p(x,,, x,) ~ 0 as m — oo 
(so n + οὐ also), and so (x,) is a fundamental sequence. 

Since (X, p) is complete, (x,,) converges to some element x’ of X; 
this is a fixed point of f For letting n > οὐ in x,,, = f(x,) and 
using that fis continuous (see Lemma 4.6.1) it follows immediately 
that x’ = f(x’). 

Now let x” be any fixed point of 7; then 

p(x’, x”) = p( f(x’), f(x") < Ap’, x”). 
Since 0 <A «1 it follows that p(x’, x") = 0, so x’ = x”; thus the 
fixed point of fis unique. 

The following result gives a useful extension of the above theorem. 

COROLLARY 4.6.1. Let (X, p) be a complete metric space and 
T:(X, p) > (X, p) be a mapping such that, for some positive integer 
p, f is a contraction mapping, say 

p( f(x), FO) < Aplx, ») 
where Ὁ <A < 1; then f has exactly one fixed point. 


8ὁ ὁ METRIC SPACES § 4.6 


Proof. By Theorem 4.6.1 there is a unique point x’ such that 
f(x") = x’. Then 


Pf (X’), x) = p(f?* (x), FR) « Ap(f(x), x’) 


so that, as above, we have f(x’) = x’. Thus x’ is a fixed point of /; 
by a simple contradiction argument it follows that f has only one 
fixed point. 


It is straightforward to establish a bound for the rate at which 
the sequence (x,), defined in the proof of Theorem 4.6.1, converges 
to the fixed point x’ of αὶ 

By the triangle inequality, for any integer m >n, 


P(X ns Χ) S ρίχ,» Xn 1) + P Mn+ 1s Xnt-2) +--+ P(%ms X’) 
(AA A Dat p(X, x’) 


A | 
- Ta A+ ρίχ,,» X’). 


Since this holds for all m (> n), letting m — οὦ it follows that 


Da 
PU Χ7 «τί; ples, Xo): 


this is the required expression. 

We conclude this section with two remarks. 

(i) The reader should observe that the proof of Banach’s theorem 
is constructive; that is, the existence of a fixed point is established by 
constructing the point (as the limit of a sequence of points tending 
to the fixed point). The applications of the next section illustrate the 
use of this. 

(ii) Banach’s theorem is a particular example of a very wide class 
of similar but more general results concerning the existence of fixed 
points; such theorems play an important part in modern mathe- 
matics, even when the proofs are not constructive. 


EXERCISES 4.6 
1. (i) Let f:[a, 5] + R be differentiable over [a, δ]. Show that Καὶ is 
a contraction mapping if and only if there exists a constant A such 
that | f’(x)| <4 < 1 for all x in [α, δ]. 
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(ii) By means of the following example show that it is not possible 
to omit the requirement of completeness in Theorem 4.6.1. Let 
X = [1,2] Ὁ, p be the Euclidean metric and 


f(x) = —4(x*—-2)+x. 
2. By means of the following example show that, in general, it is not 
possible to replace the condition 

pfx), SO) <4plx,y), O<A <1 

in Theorem 4.6.1 by 

p(x), f()) < pC, y) 
(for all distinct x, yin X). Let ¥ = R, p be the Euclidean metric and 

I(x) = 44+x-tan7! x 
(taking the value of tan~* lying in (—4n, 47)); in this case show that 
J has no fixed points. [See, however, Exercises 5.7.7, 5.8.6.] 
3. Let (X, p) be a complete metric space and let (Τὶ σ) be another 
metric space. Let X¥’ = Xx T and 

p(x, x) = max {p(X;, X2), G(T, T2)} 
where xj = (χ,, τῇ, χὰ = (X2,%). Let ΠΧ", ργ > (Χ, ρ) be 
continuous and satisfy the contraction condition 
p(f(x, τ), f(y, τὴ) < Ap(x, ») 
for all τ in T and all x, y in X, where ἃ is a constant such that 
0 «λκ«!. 
let g:T — X be defined by f(g(t), τὴ = g(t); the existence of such 
a function g follows from Banach’s theorem. Show that 
a(t, Tt 
p(g(z), a(t’) < ἰ 
Ι--᾿ 
for all τ, τ' in T; deduce that g:(T, σὴ -- (X, p) is continuous. 
[This result shows, roughly speaking, that if the contraction 

mapping in Banach’s theorem depends continuously on some 


parameter τ, then the corresponding unique fixed point also depends 
continuously on T.] 


4. Let J = [0, 1]; associate the usual supremum metric p with (J). 
Define F:(@(1), p) + (1), p) by 
{F)Mx) = fo fat 
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for all fin ὅ (ἢ. Show that 


(i) {ΜΕ 2)0})-- (δ) Ια) < x. pf, g), 

(ii) {FOCP)}() — {FO(g)}(&) < 4x”. (fF, 2), 
for all f, g in δ), and deduce that F® is a contraction mapping. 
Show, however, that F is not a contraction mapping. 


4.7 Simple applications of the contraction mapping theorem 
First it is necessary to define some terms. 

DEFINITION 4.7.1. A function f: X¥(¢ R) — R is said to satisfy a 
Lipschitz condition of order « (> 0) at the point x, (in X) if there 
exists M > 0 and ὃ > 0 for which 


f(x) —S%o)| < Μ|χ-- οί, 


for all x in X such that [χ -- χρί < ὃ. 

Furthermore / is said to satisfy a Lipschitz condition of order « 

(> 0) throughout (or on) X if there exists M > 0 such that 
\f(*)-f0)| < M|x—yl? 
for all x, y in X. This is sometimes written fe€ Lip, (X). 

It is easily seen that if f satisfies a Lipschitz condition of any 
order « (> 0), either at a point xo, or throughout X, then Κ is con- 
tinuous there. The most important case is that of « = 1, and is the 
only one which will concern us. 

Some elementary applications of the contraction mapping theorem 
are now given. 


I. Solution of the real variable equation f(x) = x. 
Let J = [a, 8]. Suppose that fis a function which maps 1 into J, 
and satisfies on J the Lipschitz condition 


\f(~)-fO)| <K|x-y|, K <1. (4.7.1) 

From (4.7.1) it follows that f is continuous, so the function 

g:I — I defined by g(x) = /(x)—x is also continuous. Now /(a) eJ 

so f(a) >a and g(a) > 0; likewise e(b) < 0. Therefore by the 

intermediate value theorem g(x) = 0, and hence f(x) = x, has a 
solution, x’ say, in J. Moreover from (4.7.1) if x > y we have 


F(x) —f(y) -.Χ-, 


so g(x) « g(y) and thus g is increasing on J; hence x’ is unique. 
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Then the proof of the contraction mapping theorem provides a 
numerical method for calculating x’ approximately. For, from 
(4.7.1) it follows that fis a contraction mapping over (/, d); since J 
is a closed subset of (R, d), which is complete, (/, d) is complete. 
Hence by the iterative process used in the proof of the contraction 
mapping theorem, x’ can be calculated approximately from 

x’ = lim f(x), 


A= 


where Xp is any point in 1. 
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The diagrams illustrate a geometrical construction for the sequence 
(x,) when / is strictly increasing and Κ is strictly decreasing respec- 
tively. It is left to the reader to examine the form of the construction. 


II. Solution of the real variable equation F(x) = 0. 

The above method can be readily adapted to establish the 
existence of unique solutions of F(x) = 0 under suitable conditions. 

Let J = [a, 8]; suppose that F:J > R is a differentiable function 
for which 

(i) F(@)F(6) « 9, 

(ii) there exist constants m, M such thatO < m < F(x) < Monl. 

Then by the intermediate value theorem, F(x) = 0 has a solution 
in J; moreover since F is strictly increasing over J this solution must 
be unique. Again the proof of the contraction mapping theorem 
provides a numerical method for calculating an approximate 
solution. 
D 
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To see this, set f(x) = x—AF(x); then F(x) = 0 if and only if 
I(x) = x. From (ii) it follows that 
1-AM <f'(x) <1-Am. 
Now choose ἃ such that 0 < 2 < MW ~*, so 1—AM > 0. Then 
0 < f(x) Ξ:-1-- μη; (4.7.2) 


hence f is strictly increasing. Since J(a)—a = —AF(a) > 0, it 
follows that f(a) > a; similarly f(b) < ΒΡ. Hence a < 70) < b for 
all x in J, sof maps J into J. Lastly, by integrating (4.7.2) it is easily 
seen that /:(J, 4) + (J, 4) is a contraction. 


ILI. Solution of a finite system of linear equations. 

Lett bb ER", A = (a;;) be a real mx m matrix and f/:R™ + ΜΝ be 
the mapping defined by f(x) = Ax+b, where χῖε R”. We seek 
conditions for /(x) = x to possess a unique solution, and which 
permit us to use the iterative procedure of the contraction mapping 
theorem to estimate the solution. 

The first question to be settled is ‘under what conditions is fa 
contraction mapping?’ This of course depends on the matrix A, and 
also on the metric which is associated with the set R”- we assooiate 
the Euclidean metric with R”. 


Let x = (x, ..., Χο), }» = (1; ---; ¥m); then the ith component of 


70 .)-- 10} is 

dj lailx; -}}} 
Hence 

d?( f(x), f(y) — Di oF, a; (x;—y,)}? 
<i {du 4 Di (x;—y,)"}, 
by Cauchy’s inequality, so 
d*(f(x), FO) < (ΣῚΣ͵ a?) d(x, γ). 

Therefore, if 

di dy Gy <1, (4.7.3) 


vector. m-tuple written as a column 
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then f is a contraction mapping in (R”, d). (Although (4.7.3) is a 
sufficient condition for f to be a contraction mapping in (R”, d), in 
fact it can be shown to be not a necessary one.) 

Thus if condition (4.7.3) is satisfied by the matrix A, then there 
exists a unique solution of f(x) = x in R™ which can be calculated, 
approximately, by the now familiar process. 

If we associate a different metric with R” we would obtain different 
conditions on A. For details see Kolmogorov and Fomin (1957) 
$14, or Copson (1968) §74. The latter, in §75, also discusses infinite 
systems of linear equations. 


EXERCISES 4.7 
1. Verify that the function f:R* > R defined by /(x, y) = xy’ 
satisfies a Lipschitz condition of the form 

| f(x, yy) —fix; y2)| ς. Kly, —y,| 

on the rectangle [—1, 1]x[—1, 1], but satisfies no such condition 
on the strip [—1, 1] x (— οὐ, οὐ). 
2. If the function f:R — R satisfies a Lipschitz condition of order 
α at Xp, show that if a > 0, then fis continuous at Xp, while if« > 1, 
then f is differentiable at x,. Give an example of a function that 
satisfies a Lipschitz condition of order 1 at some point Xo, but is not 
differentiable at xo. 
3. In R? let X¥ = [xp—a, Xp +4] X [vo—B, Vo +4], and let /:X¥ > R 
be such that df/éy exists and |af/dy| < K throughout X, for some 
positive constant K. Show that / satisfies a Lipschitz condition 


f(x, vi) -S% Y2)| < Klyi—y2| 

(of order 1) for all y,, y2 in [vp — ὃ, Vo +O]. 

Also show that [vy >—5, yop +5] may be replaced, throughout, by 
(— οὐ, οὐ). 
4. Associate the usual supremum metric p with @(J) where 
I = [α, b]. Let My denote the subset of @(J) of all functions f which 
satisfy the Lipschitz condition 

IfO-fC)| < Κμ--τ 

for all t, t’ in J, and let D,; denote the subset of all functions f which 


are differentiable over J and such that [Κ΄] < Καὶ there. Show that 
My is a closed subset of (@(/), p), and that My = Dy. 
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4.8 Picard’s theorem 


The contraction mapping theorem will now be used to prove an 
important result concerning the existence of a unique solution to a 
first order ordinary differential equation satisfying certain con- 
ditions. This equation is first shown to be equivalent to an integral 
equation. 


ΓΈΜΜΑ 4.8.1. Let 1 = [x )—a, Xo +a] and S =IxR; let f:S - 
be continuous. 


Then any solution} y over I of the differential equation 
y=f(%¥) σ΄’ = dydx) (4.8.1) 


such that (xo) = yo will also be a solutiont over I of the integral 
equation 
WX) = γο fi, S(t yO) dt. (4.8.2) 


Conversely any solution y over I of the integral equation (4.8.2) will 
also be a solution over I of the differential equation (4.8.1) subject to 
V(%o) = Yo. 


Proof. We disregard for the moment all question of rigour. If y 
is a solution of (4.8.1) over J satisfying v(x9) = yo, then by integrating 
(4.8.1) it follows that 


Sno ¥ (at = JE, f(t, vO) ade, 
and since ro } (t)dt = y(x)—y(xo), (4.8.3) 


we obtain (4.8.2), 
Furthermore by differentiating (4.8.2), since 


τς ἴλας γι)! = flee, (x), (4.8.4) 


it follows that any solution » of (4.8.2) over J is also a solution of 
(4.8.1) such that (xp) = Vo: 


To make the above argument rigorous it is necessary to justify 
(4.8.3) and (4.8.4). 


TA solution of (4.8.1) is any differentiable function y: IR such that 
)} 0.) = f(x, »@)) for all x in 7. 


_ TA solution of (4.8.2) is any continuous function y: f+ R such that (4.8.2) 
is satisfied for all x in ]. 
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| that si is differentiable over J, it is 

For (4.8.3) note first that since y is 1, it 
continuous there. Then, since y’(t) = f(t, y(t)) and since ΓΕ J implies 
that (t, x(t) Ε 5, it follows that the function tr f(t, y(t), and 
hence y’, is continuous over J. Therefore (4.8.3) follows (by Theorem 
1.6.4). wy Sacer 

τὰς (4.8.4), if y is a solution of (4.8.2) over J, which implies that 
the function tt f(t, y(t)) is integrable over J, then y is continuous 
over 1 (by Theorem 1.6.3). Therefore tr /(¢, y(t) is continuous 
over J and so (by Theorem 1.6.3 again) the function 

xt fz, f(t vO) at 
is differentiable; hence (4.8.4) holds. 

The basic theorem concerning the existence (and uniqueness) of 
solutions of y’ = f(x, y) may now be established. The original proof 
of this result was given by Picard; he did not appeal to the contraction 
mapping theorem, but instead constructed a sequence of approxi 
mate solutions which converges to a solution of the differential 
equation. This solution, then, has to be shown to be unique. The 
contraction mapping theorem gives both conclusions simultaneously. 


THEOREM 4.8.1. Let J = ἴχο-- αι, Xp +a] and S$ = Ix R; let f:S —R 
be continuous. Suppose also that f satisfies a Lipschitz condition (of 
order 1) in y which is uniform in x over I; that is 

[f(x, γὺ —S(, ¥2)| < Kly1—y2| 


for all y,, ¥z in R, where K is independent of x in I. 
Then the differential equation 


y = f(x, y) 
possesses a unique solution through] (Xo, Yo) over I. 


Proof. In view of Lemma 4.8.1, we consider the integral equation 
V(x) = Yot Sz, S(t, WO) at (4.8.5) 


where x €J, and show that this possesses a unique solution over 1. 

We consider first the half interval Jp = [χὺ, Xo +a]. Associate 
with @(J,), the set of all real-valued functions defined and con- 
tinuous over J,, the metric p given by 


p(f, g) = sup ε΄ ΚΤ} f(x) — g(x), (4.8.6) 
xely 


+ By asolution through (xo, Yo) we mean a solution y such that y(x%o) = yo. 
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where & is a positive constant to be chosen | it i 

a | \ hosen later; it is easily verified 
that (4.8.6) does indeed satisfy the metric space cei (by 
roi the arguments of §4.2(viii)) that (610). p) is complete. 
( also Exercise 4.8.1 below.) The reason for including the 


exponential factor e~*-*0) jin ¢ maces : ᾿ 
darth n the definition of p will transpire 


Define a mapping F on (€(J), p) by 
LFO)}) = γο fi, f(t, xO) at 


where ye CL); then the function t+ f(t, y(t) is continuous over 
Io, 80 F(y) 15 continuous there and thus F maps (6.0), p) into itself 
It will now be shown that F is a contraction mapping on (@(Jo), p) 


when & is chosen suitably. 
For any y,, ¥% in C(I) 
KFODHKe)- {F(y2)}0)| < fi, A, vO) A, y2(t))| de 


and thus Ὁ K fz, vi) —y2(0)| de, 


ε΄ ΣΤΡ fF ys) }(x) — {F (¥2)}(x)| 
<K fz, eC», (Q)—y()| αἱ 
= ΚΙ Ae ales ΕΑΝ (ὦ —y2(t)|}de 
-- Kp(y1, ¥2) ” Stns 
K 
SZ PW V2): 
Now choose k = 2K; takin g suprema it follows that 
ρ(ΡΟ ), ΡΟ) < τρί, V2). 


Thus it is seen how the exponential factor of e~*-*0) jp (4.8.6) 
ensures that F is a contraction mapping of (@(J,), p) into itself. | 
Hence, by Banach’s theorem, there exists a unique element g of 


ΦῈ(10) such that F(g) = g, that is, which satisfies the integral equation 
(4.8.5). Likewise there is a unique continuous function over [Xo —4,Xo] 
which satisfies (4.8.5), and hence we have a unique solution Flies ate 
whole interval [x9 —a, x9 +a]. . 

This completes the proof. 


over the 
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The neat device of introducing an exponential weighting factor in 
the definition of the metric p defined in (4.8.6) is due to Bielecki 
(1956). 

In both Lemma 4.8.1 and Theorem 4.8.1, the function Κ[ was 
assumed to be continuous over the strip [xy -- α, X9 +a] x (— ©, ©); 
by making slight changes in the statement and proof of these results 
it is sufficient to assume continuity of f over a rectangle of the form 


[x9 —4, Xo +a] X [vo — δ, Yot+ Fl. 


Furthermore it is possible to extend the above theorem to more 
general situations, in particular to higher order equations of a similar 
form, and to equations involving more than one variable. All of 
these extensions fall, however, more appropriately within the realm 
of the theory of differential equations. 

The contraction mapping theorem was applied above to a certain 
integral equation; it can be applied, in a similar manner, to a 
number of types of integral equations. Some examples of these are 
given in the exercises. 


EXERCISES 4.8 
1. Let p be the metric defined on @(J)) by (4.8.6) and let ρ΄ be the 
usual supremum metric on @(J,). Show that p, ρ΄ are uniformly 
equivalent; using Exercise 4.1.5 deduce that (610). p) is complete. 


2. Find a sequence (y,) of functions y, such that y, converges to the 


solution of the integral equation (4.8.5). 


3. Let J = [xp—a, Xp +a] and S=JxR; let f:S—R be con- 
tinuous. Show that y is a solution over J of the differential equation 


εἶν | 
oe fy I(x, Y) 


such that y(x9) = Yo, ¥ (Xo) = νι if and only if it is a solution over 
Ϊ of the integral equation 
W(X) = Yor (x— Xo) + JE, @- OS VO) at. 
If f also satisfies a Lipschitz condition (of order 1) in y which is 
uniform in x over J, prove that the given differential equation 
possesses a unique solution such that y(xo) = Yo, } (Χο) = )}1: 
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4.7 Let J = [a,b] and X¥ =JxJ Suppose that the functions 
K:X — Rand φ:] > R are continuous; let 
M= sup |K(x, y)|. 
(*\y) eX 
Prove that the integral equation 


I(x) = 4 Sa K(x, vf) dy + 6(x), 
where A is an arbitrary real parameter, will have a unique solution 
which is continuous, provided [1] < 1/M(b—a). 
[In this case it will be seen that the metric defined in (4.8.6) holds 
no advantage over the usual supremum metric. ] 


5.1 Let J = [a,b] and let ¥ = IxIxR. Suppose that the function 
K: X — R is continuous and satisfies the Lipschitz condition 
Κα, ys 2,)—K(x, Jy; Z2)| < Mz, —z,| 
for all z,, z, in R, where M is independent of x, y in J; suppose also 
that the function @:7 > R is continuous. 
Prove that the integral equation 


70) = λα K(x, γ, Ο) dy + (x), 
where 4 is an arbitrary real parameter, will have a unique solution 
which is continuous, provided [1 < 1/M(b—a). 
[Again observe that the metric defined in (4.8.6) holds no advantage 
over the usual supremum metric. ] 


6. Let I= [a,b] and Y¥=JxJI Suppose that the functions 
K: X - Rand $:I => R are continuous. 
Prove that the integral equation 


I(x) = [5 K(x, YS) dy + o(»), 
where 2 is an arbitrary real parameter, will have a unique solution 
which is continuous, for any Δ. 
[Does the metric defined by (4.8.6) hold any advantage over the 
usual metric in this case 7] 


t (ii) of Theorem 1.6.1 has the following two dimensional analogue (which is re- 
quired in Exercise 4.8.4). If J = [a, δ] x [c, dl] and if F: J R is continuous over J, 
then the set F(/) is bounded. The reader may also wish to use in Exercises 4.8.4, 
4.8.5, the fact that, under the same hypothesis, F is uniformly continuous over J. 
These assertions can be established in the same way as (i), (ii) of Theorem 1.6.1; 
alternatively they will follow as special cases of Theorems 5.8.1 ,. 5.8.4, 


2 See footnote for Exercise 4.8.4. 
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4.9 An implicit function theorem 


if f:R? > R is defined by f(x, y) = x?- y*, then there exist many 
functions y:R — R which satisfy f(x, y) = 0; for example γι(χ) = x, 
y2(x) = —x, both of which are continuous, but there is also 
x, if x rational 
Walt) = | —x, if x irrational 

which is not continuous. On the other hand, if f is defined by 
f(x, y) = x?+y?*+1 then there is no real solution to S(x,y) = 0. 

These simple examples introduce the following problem of 
analysis. Given a function /:X(¢ Ἀ2)- R does there exist a 
function g: ¥(¢ R) > R such that 


F(x, g(x) = 0 (4.9.1) 


for all x in Y? Will g be unique? Furthermore, if f is a suitably 
smooth function, say continuous over X, what can we say about the 
| °g? | 
vido wale results giving necessary conditions on f that 
f(x, y) = 0 is ‘solvable’ in the sense that there exists a function g = 
which (4.9.1) is true; one of the most basic of such results is ies : 
Apostol (1957), p. 147. Here we give a closely related result whic 
may be established by using the contraction mapping theorem. 


THEOREM 4.9.1. Let J = [a,b] and S=IxR; let f:S—>R be 


continuous. Suppose also that f satisfies the condition 


0<m< re <M (4.9.2) 


or all distinct y, z in R. he 
ἐ Then there exists a unique function g in @(1) such that f(x, g(x)) = 0 
for all x in I. 


Proof. Define a mapping Ε: (ἢ > @(J) by 


2 
{F(e)}@) = 8) τ τς, 6.90} 


where g € G(J); associate the usual supremum metric p with 6), 
so that (@(J), p) is complete. It will be shown that F Is a contraction 
mapping. 
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First observe that 


(Fla)}(2) — (δύ) = 8) — Mx) (ταν 8) =P, MC). 
From (4.9.2) it follows that 
_M m “7. 2 SL Y)—-S, z) _M—m 
M+m M+m y-z M+m’ 


and therefore 


p(F(g), F(A)) = sup, |{F(g)}(x)— (δ) ΟῚ} 


᾿Ξ ἢ; _., M—m 
< sup, |g(x) h(x)| awe 
M—-—m 
= Ap(g, h), 


say. Since M >m > 0 it follows that 0 <4 < 1, so F is a con- 
traction mapping on (¢(J), p). 

The latter is complete so there exists a unique element g of (ἢ 
such that F(g) = g, that is, such that f(x, g(x)) = 0 for all x in 1. 


5: COMPACTNESS 


5.1 Introduction 


In §4.1 the reader was reminded of the Cauchy principle of con- 
vergence; since this is such a fundamental result concerning con- 
vergence in the real number system, the question arose as to whether 
or not a generalization of the result held in any metric space. The 
answer to this was easily found to be that such a generalization did 
not necessarily hold. We therefore gave a special name to those 
spaces in which it did hold (namely complete metric spaces) and 
proceeded to study them. In this chapter we take several other 
important theorems which hold on certain subsets of the real line. 
Each of the results holds only on closed bounded sets; this is not 
coincidental, for the results are essentially related. How these results 
may be generalized to arbitrary metric spaces will now be investigated ; 
this is a lengthy process. 

The introductory details are now given. For the remainder of this 
section it is to be assumed that the Euclidean metric is associated 
with R. 


PROPOSITION 5.1.1 (The Heine-Borel theorem). Let Y be any 
closed bounded set of R. Then every class of open sets of R, whose 
union covers Y, contains a finite subclass whose union also covers Y. 


Thus if {Y,:4 € A} is a class of subsets of R, each Y, being open, 
and such that 
UY,2 Y, 
AeA 
Proposition 5.1.1 asserts that, if Y is bounded and closed, then there 
exists a finite number of open sets Y;, say Y;,,..., Y,,, such that 
Y, 
PROPOSITION 5.1.2 (The Bolzano-Weierstrass theorem for sets). 


Every bounded infinite set Y of R possesses a limit point; if Y is closed, 
the limit point is in Y. 


pM VK, 3 Υ. 
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PROPOSITION 5.1.3 (The Bolzano-Weierstrass theorem for se- 


quences), Every bounded sequence in R contains a convergent sub- 
sequence. 


Propositions 5.1.1, 5.1.2 may be proved by the bisection method 
(for an illustration of this method at work see the proof of Prop- 
osition 5.3.1); Proposition 5.1.3 may be deduced from Proposition 
5.1.2. There also exist certain results of a converse natu re; forexample 
a set Y possesses the ‘open-covering’ property described in Prop- 
osition 5.1.1 only if Y is closed and bounded. Similar comments 
apply to Proposition 5.1.2, and less directly to Proposition 5.1.3. 
These can be pieced together to form the following result. The 
reader should not be distressed if he has not previously encountered 
all the implications of Proposition 5.1.4; they will all follow as 
special cases of Theorem 5.6.1. 


PRoposITION 5.1.4. Let Y © R; then the following statements are 
equivalent: 


(i) every class of open sets of R whose union covers Y contains 
a finite subclass whose union covers γ' 


(il) Υ is closed and bounded; 
(ili) every infinite set in Y possesses a limit point in Y; 


| (iv) every sequence in Y contains a convergent subsequence whose 
limit is in Y. 

We now ask whether this result extends to an arbitrary metric 
space; the answer to this is given in §$§5.2-5.6. In brief it is as 
follows. The natural generalizations of (i), (iii), (iv) are mutually 
equivalent In any metric space; however the natural generalization 
of (ii) 15 not equivalent to any of the generalizations of (i), (iii), (iv) 
This is illustrated by the following counter-example, aac 


Consider the metric space (7, p), defined in §2.2(vi); let Y be the 
subset of ¢? whose elements are x), eN, where 


x = (0,0, ..., 0,1; 0, ...), 


the non-zero entry being in the ith place. Also let x = (0, 0, 0, ...); 
then x €S(x, 2) forall i,so Υ is bounded. Now p(x, x") = 21} 
for all m,n (m # n); therefore Y can contain no fandamental 
sequence, and so no convergent subsequence. Hence, by Theorem 
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7.5.1, Y has no limit points, and so is closed (recall that by Theorem 
2.6.1 a set is closed if and only if it contains all its limit points), 

Thus Y is a closed bounded infinite subset of (7?, p) which does 
not possess a limit point in Y. Moreover the sequence (x) in Y 
does not contain a convergent subsequence. Finally observe that the 
union of the class of open sets 


{S(x™, ἸΚΡῈ in ΕΝ) 


covers Y but cannot contain a finite subclass whose union also covers 
Y. Therefore Y is closed and bounded but does not possess any of 
the properties corresponding to generalizations of (i), (ili), (iv) of 
Proposition 5.1.4. 

Returning to the comments in the paragraph immediately follow- 
ing Proposition 5.1.4, we mention that although the natural generali- 
zation of (ii) is not equivalent to that of (i), (iii), (iv) there is, however, 
a rather different generalization of (ii) which 15 equivalent. 

We shall simplify matters by considering, initially, only ‘whole’ 
metric spaces, and not subsets of metric spaces. We therefore study 
metric spaces which have the property that they satisfy the natural 
generalization of (i) of Proposition 5.1.4; that is, those metric spaces 
(X, p) for which every class of open subsets of X, whose union is X, 
contains a finite subclass whose union also is XY. Such metric spaces 
will be called compact. 

The natural generalizations of (iii) or (iv) could have alternatively 
been chosen for the definition of compactness—or even the generali- 
zation of (ii) when the correct form is known. In connection with 
this, L. V. Ahlfors in Complex Analysis (1966) writes on p. 60 as 
follows. ‘There are several equivalent characterizations of compact- 
ness, and it is a matter of taste which one to choose as definition. 
Whatever we do the uninitiated reader will feel somewhat bewildered, 
for he will not be able to discern the purpose of the definition. This 
is not surprising, for it took a whole generation of mathematicians 
to agree on the best approach. The consensus of present opinion is 
that it is best to focus the attention on the different ways in which a 
given set can be covered by open sets.’ 

Of course one immediate and fundamental advantage of this 
definition of compactness is that it is meaningful in any topological 
space (see Definition 2.7.1). 

Without further ado the formal definitions, theorems and rigorous 
proofs are given. 
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5.2 The definitions 


DEFINITION 5.2.1. Let X be any non-empty set and Y ¢ ¥; suppose 
that « = {A,:4€A} is a collection of subsets of X such that 


γα}... 
λελ 


Then . is called a covering of Y. If there exists a subset A’ of A such 
that of’ = ([4.:λε ΔΉ is alsoa covering of Y, then sf’ is called a 
subcovering of Y. If A is finite, then «τ is called a finite covering, 

If (X, p) is a metric space, and wf = {A,:AEA} is a covering of 
X such that A, is open for all 1 in A, then # is called an open 
covering of (X, p). 


DEFINITION 5.2.2. A metric space (X, p) is said to be compact if 
every Open covering of (X, p) contains a finite subcovering, 

The following paraphrase of this definition is due to Hermann 
Weyl. ‘If a city is compact, it can be guarded by a finite number of 
arbitrarily near-sighted policemen.’ 


THEOREM 5.2.1. If (X, p), (X’, p’) are homeomorphic, then (X, p) is 
compact if and only if (X’, p’) is compact. 


Proof. Let f:(X, p) > (X’, p’) be a homeomorphism. Suppose 
(X", ρ΄) is compact and let {Y,:2¢ A} be an open covering of (X, p). 
Then clearly {f(¥,):4€ A} is an open covering of (X’, p’), so it 
contains a finite subcovering, say {{{7.}:}λ ε Λ΄}. Hence {Σ,:λε Δ 
is a finite subcovering of (X, p) which is therefore compact. 


It is necessary to introduce another concept before we can proceed 
with the discussion of compactness; metric spaces possessing this 
property will be called totally bounded. This property is, in general, 
more restrictive than ordinary boundedness, although it will later be 
seen that in the Euclidean space R” the concepts are equivalent. The 
concept of total boundedness plays a simple but important role in 
connection with compactness, 


DEFINITION 5.2.3. Let (X, p) be a metric space, and e be an 
arbitrary positive number. Then a set A ¢ Y is called an e-net of 
(X, p) if, given any x in X, there exists at least one point a in A such 
that p(a, x) < 8. If the set A is finite, then A is called a Jinite e-net of 
(X, p). 
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Thus, for example, in (Β΄, d) the set of points of the form (ym, ") 
where m, n are integers is a (2~*+6)-net, for any ὃ > 0. 
Note that if A is an e-net of (X, ρ), then 
|) S(a, δ) = Χ. 


aeA 
DEFINITION 5.2.4. The metric space (X, p) is said to be fotally 


bounded (or precompact) if, given any é > 0, there exists a finite e-net. 
The following simple result is easily established. 


LEMMA 5.2.1. Any totally bounded metric space is bounded. 


Proof. If a metric space (X, p) is totally bounded, then there exists 
a finite I-net, say {x,, ..., x,}; hence 


= : Th 
x U Se ) 


Since the union of a finite number of bounded sets is bounded, it 
follows that (X, p) is bounded. 


EXERCISES 5.2 ; ΝΣ 
ἱ ἷ ((0, 1 ich does not contal 
1. Find an open covering of ((0, 1), d) whic 
finite subcovering. Deduce that ((0, 1), 4) and ([0, 1], 4) are not 
homeomorphic. 


2. Prove that any compact metric space is bounded. 


3. If (X, p) is any metric space in which X is finite, show that (X, p) 
is compact. | 
4. A collection Y = {¥,:4 € A} of subsets of some set X is said to 
have empty intersection if there is no point common to all the ats 
Y,; otherwise Y is said to have non-empty intersection. Furthermore 
Y is said to have the finite intersection property if every finite sub- 

llection of subsets has non-empty intersection. | 
ee (X, p) be a metric space. Prove the following statements are 
equivalent: 

(i) (X, p) is compact; . fe 

(ii) every collection of closed sets in (X, p) with empty inter- 
section has a finite subcollection with empty intersection; ts 

(iii) every collection of closed sets in (x, p) with the finite inter- 
section property has non-empty intersection. 
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5. Using the previous exercise show that every nested sequence of 
non-empty closed sets in a compact metric space has non-empty 
intersection. [The converse of this result is also true; see Exercise 
5.6.4.] 


6. (i) Let (ὦ be a sequence of functions In=(X, p) > (R, 4) such that 
SAX) > fy+ (x) for n = 1,2,... and all x in X; the sequence (/,) 
is said to be decreasing. If each Jf, is continuous over X¥ and if, for 
some Xp in X, f(x») > Oasn > οὐ, show that given any e > 0 there 
exists N and 6 (> 0) such that (Δ) < ε for all > N and all x in 
S(Xo, δ). 

(ii) Hence establish the following theorem of Dini. 

Let (X, p) be a compact metric space and let (/,) be a decreasing 
sequence of continuous functions of (X, p) into (R, d) such that (f,) 
converges pointwise to a function f. If f is continuous then the 
convergence is uniform. (There is, of course, a corresponding result 
if (f,) is an increasing sequence.) 

(iii) Give examples to show that none of the requirements: (X, p) 
is compact, f. is decreasing (or alternatively increasing), f is con- 
tinuous, in Dini’s theorem may be omitted. 


5.3 The first equivalent characterization of compactness 

It follows, from the remark following Definition 5.2.3 and from 
Definition 5.2.4, that a metric space (Α΄, p) is totally bounded if and 
only if, given any e > 0, every covering of X by open spheres of 
radius δ contains a finite subcovering. This establishes the next result. 


THEOREM 5.3.1. Every compact metric space is totally bounded. 


We now establish another important property of compact metric 
spaces, 


THEOREM 5.3.2. Every compact metric space is complete. 


Proof. This will be by contradiction. Suppose, if possible, that 
(X, p) is a compact metric space which is not complete: let (x,) be a 
fundamental sequence of (X, p) not having a limit in_Y. 

Let ye X; since (x,) does not converge to y, there exists δυ > 0 
such that 


ρίχ,» y) > 280 (5.3.1) 
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for infinitely many values of n (see Lemma 1.7.1). Since (x,) is 8 
fundamental sequence, there exists N such that P(X ms X,) < && fora 
m,n > N. Choose a value of n, say mo, for which (5.3.1) is satisfied 
and such that my > N. Then since 


ρίΧ,.» y) < P(Xngs Xm) + PX y) 


it follows that p(x,,, ¥) > & for all m > N. Thus S(y, é9) contains 

for only a finite number of values of n. . 
ἴα this pa with each point y of X can be associated a sphere 
S(y, 9), Where &9 will depend on y; the collection of all such spheres 
ince open covering of (X, p), which must contain, by hypothesis, 
a finite sub-covering. Each sphere contains x, for only a finite number 
of values of n, so the finite subcovering (and therefore X) must 
contain x, for only a finite number of values of n; but this is impossible, 
and so the theorem is established. 


The reader’s attention is drawn to the following point. The state- 
ment ‘S(y, δ9) contains x,, for only a finite number of values of n ᾿ 
not equivalent to ‘S(y, £9) contains only a finite number of points 3 
the sequence (x,)’. Of course the first statement implies the second, 
but the second does not imply the first. . 

It has therefore been proved that if a metric space is a i 
then it is totally bounded and complete. The converse will now 
established, namely that total boundedness and —. 
together imply compactness ; the proof of this is lengthy. The ee 10 
given below is essentially an extension of the ‘bisection metho - " 
order to make this proof easier to follow, a more straightforwar 
example of a proof by the bisection method is given first, 
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PROPOSITION 5.3.1. Let [a, b] be any closed bounded interval of R 
( with Euclidean metric). Then any class of open subsets of R whose 
union contains [a,b], possesses a finite subclass whose union also 
contains [a, δ]. 


Proof. This will be by contradiction; suppose, if possible, that 
there exists at least one class of open subsets of R which is a covering 
of [a, δ], but which does not contain a finite subcovering of [a, δ] 
a iy ὅν € A} denote such a class. Mere 

isect |@, δ]; then a finite number of the open set: | 
cover both half-intervals for otherwise [a, δ] waa ae =a 
finite number of the A as Which is impossible by hypothesis. Denote 
by [α,, 5,] that subinterval which is not covered by a finite number 
of the sets A,; if both half-intervals have this property, then for 
definiteness take the first to be [a,, 8]. | 

Bisect [a,, b,]; then as before at least one of the half-intervals 
say (a2, δ], is not covered by a finite number of the sets A,. Repeat- 
ing this process, or more precisely by mathematical induction, for 
any positive integer m we can obtain an interval [2,,. δ. which is not 
covered by a finite number of the sets A,. | 
By the method of construction (4,) is an increasing sequence which 
is bounded above (by ὃ, for example) and (6,) is a decreasing sequence 
which is bounded below (by a, for example) ; therefore these sequences 
must each possess a limit. Furthermore, since 

b—a 
b, a, = a? 
these limits must be equal; denote their common value by €, 

Clearly ξ € [a, Ὁ], so there exists Ao in A such that €¢ A jo; Since 
A,, 1s open there exists 6 > 0 for which (¢-6,€+6) Cc A ἊΝ Now 
take n sufficiently large, with value No say, such that ἣν 


[anos 5,,] S (ξ --δ, ξ-Ἐ δ); 
then ἰα,.» 5,,] S Ay, € of. 
We have therefore found a finite subset of , the subset having only 
one member, namely A, , which covers [α,... 5,,]. | 
This gives the required contradiction, so the proposition has been 


established. 
We now come to the main result. 
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THEOREM 5.3.3. Jf a metric space is complete and totally bounded, 
then it is compact. 

Proof. This will be by contradiction; suppose, if possible, that 
(X, p)is complete and totally bounded, but is not compact. Then there 
exists an open covering of = {A,:/A € A} of X which contains no 
finite subcovering of X. 

To aid understanding, the proof is divided into stages. 


[. To construct the sequence (S(x,, €,)). 

Since CX, p) ts totally bounded, it is bounded; hence for some r in 
R and some Xp in X, X = ϑίχυ, r) (note that X¥ | S(xo, r) implies 
that X¥ = S(xo, r)). Let e, = r/2”. 

Since (X, p) is totally bounded, it can be covered by a finite number 
of spheres of radius e,. By our hypothesis at least one of these 
spheres, say S(x,, €,), cannot be covered by a finite number of the 
sets A,. Again using that (X, p) is totally bounded it follows that 
S(x,, &,) can be covered by a finite number of spheres of radius ει. 
In a similar manner, there exists at least one of these spheres, say 


S(X2, €2), such that 
S(X2, 82) A S(x1, δι) τὶ D, 

and which cannot be covered by a finite number of the sets A,. 

In this way a sequence (x,) can be defined by induction such that 

δ...» En) ΓᾺ δ, att Ey En—1) # Ω, 

and for which δύ.» €&,) cannot be covered by a finite number of the 
sets A,. (The points x, are analogues of the mid-points of the 
intervals [a,, b,] in the proof of Proposition 5.3.1.) 


II. To show that (x,) is convergent. 
First it is shown that (x,) is a fundamental sequence. Let x’ be 
any point common to S(x,+1, 85... 1)ν S(%_: &,). Then 
AXn+ 1» = Ὰ < P(Xn+ 1: x’) + p(x’, Xn) < enti +8, < 28,3 
therefore 
P(Xq + ps Xn) -ς AXn+p» Xn+p- + P(%n+p- 1:3 Xn+p-2) + oes + A(Xq+ 1s Xp) 
- 28... »- 1+28,+p-2+ κα ὁ +28, 
= A(2-tP-N4Q-OtP- 24 275. 
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Hence p(%,4, X,) < r.27"*?, which holds for all p > 0; thus (x,) 
is a fundamental sequence, so has a limit € (say) in X. 


III. To obtain a contradiction. 


Since € ε X, there exists 4, in A such that € € A ao; Moreover, since 
A,, is open there exists 6 > 0 such that S(¢, 6) S A,.. Now take n 
sufficiently large, with value Mo Say, Such that p(x,,, €) < 46 and 
En, < 40. Then, if p(x, Xn) < 8,5 it follows that 


p(x, ζ) -ς p(x, Xno) + p(X, ζ) < ὃ, 
so that S(%no> δ.) S S(E, δὴ) Ξ A 1" 


Therefore S(x,,, &,,) ἰδ covered by a finite number of the sets A, 
in sf. Thus we have a contradiction, so (X, p) is compact. 


5.4 The second equivalent characterization of compactness 


We now consider the question of extending the Bolzano-Weierstrass 
theorem. It turns out, quite simply, that the generalization of this 
result holds for any metric space which is compact, but not otherwise. 


THEOREM 5.4.1. Jf a metric space (X, p) is compact, then every 
sequence in (X, p) will have at least one cluster value (in X). 


Proof. This is similar to that of Theorem 5.3.2. 

Let (X, p) be a compact metric space, and let (x,) be a sequence 
in X. Suppose, if possible, that the sequence has no cluster value (in 

X). Let χε X, so x is not a cluster value of (x,); then by Theorem 
2.9.1 it is not true that, given any é > Ὁ and any integer m > 0, there 
exists an integer n > m such that P(Xn, xX) < 8. Therefore, by the 
principles of §1.7, there exists ¢, 0 and a positive integer my such 
that there is no n > mo for which P(Xns X) < δρ; hence p(x,, x) < & 
for at most a finite number of values of ἡ. 

Such an open sphere S(x, ¢9) can be defined for each x in X, so 
the set of all such spheres forms an open covering of X; since (X, p) 
is compact this must contain a finite subcovering. Each sphere of such 
a subcovering contains x, for only a finite number of values of n, 80 
their union, that is, X, contains x, for only a finite number of values 
of n. This is impossible, so the theorem is established. 

Next the converse result is established. 
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THEOREM 5.4.2. If (X, p) is a metric space in which every sequence 
possesses at least one cluster value, then (X, p) is compact. 


Proof. It will be shown that CX, p) is complete and totally bounded 

that (XY, p) is compact. , 
ares ἐμ ade arbitrary fundamental sequence in (X, p); let c be a 
cluster value of this sequence. Then by Theorem 4.1.3, (x,) converges 
to c; hence (X, p) is complete. we 
“Ἧς proof that (X, p) is totally bounded will be by contradiction; 
thus suppose that there exists at least one δ» 0, Say £0, such that 
there is no finite covering of X by open spheres of radius Ep. Define ᾿ 
sequence (x,) by induction as follows. Let x, be an arbitrary point o 
X. Having defined X15 τευ Xq» let X,4., be any point which 15 not in 


S(x1, Eo) Uae U δία, Eo); 
this is possible since no finite number of open spheres of radius & 
can cover X. 
This sequence does not have a cluster value. For, clearly, 
P(Xm Xn) Ὁ &> for all m,n (mn τέ n); (5.4.1) 


now if the sequence did have a cluster value, say c, then there sae 
be a subsequence converging to c. This would be a Peciqneic a 
subsequence, which contradicts (5.4. 1). Therefore (x,) has no cluste 
value; this gives the required contradiction. 


EXERCISES 5.4 re | | 
1. If (X, p) is compact show, by suitably modifying the proof of 
Theorem 5.4.1, that any infinite set in X possesses at least one limit 
point. 


5.5 The third equivalent characterization of compactness 

Finally we come to the question of the equivalence of the a 
generalizations of (iii), (iv) of Proposition 5.1.4. In view ὁ : eir 
similarity (bearing in mind the equivalent characterization re , 
limit point given in Theorem 2.5.1), it is reasonable to bes me 
it would be easier to prove that they are mutually equiv τς ΤΆ =. 
than prove they are each equivalent to the generalization O yl 8 
is indeed the case, and therefore we establish the following result, 
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THEOREM 5.5.1. Let (Χ, 
statements are equivalent: 
(i) every infinite set in 
(in X); 
(il) every infinite sequen 
value (in X). 


Proof. Assume (i), and let (x,) be a sequence in (X, p). Then, either, 
at least one point recurs infinitely often in (x,), and so will be a 
cluster value, or no point recurs infinitely often, so (x,,) contains an 
infinite number of distinct points. In the latter case let Y be the 
infinite set consisting of these points, having a limit point ¢, Say. 


A subsequence of (x,,) which converges to ¢ can be constructed 
iteratively, as follows. 


Having defined m1, let m be the smallest 
integer such that ρ > m1 and 


p) be a metric space; then the following 
(X, p) possesses at least one limit point 


ce in (X, p) possesses at least one cluster 


0 < plc, x,,) < κ᾿; 
then (x,,) converges to ¢. 
Assume (ii), and let ¥ be any infinite subset of ¥: construct any 
sequence (x,) of distinct points of ¥. By hypothesis there exists a 


convergent subsequence (lying in Y) with a limit c, Say; hence by 
Theorem 2.5.1, ¢ is a limit point of Y. 


5.6 Summary of equivalent characterizations of compactness 
We can summarize the results of the previous three sections as 
follows. 

THEOREM 5.6.1. Let (X, 


p) be a metric space. The following state- 
ments are equivalent: 


(i) (X, p) is compact; 

(1) (Δ΄, p) is complete and totally bounded: 
(ili) every infinite set in X possesses at least one limit point: 
(iv) every sequence in X¥ possesses at least one cluster value. 


Clearly (i), (iii), (iv) of the above theorem are natural generaliza- 
tions of (i), (iii), (iv) of Proposition 5.1.4. Furthermore it is a simple 
result (which will be given in §5.7) that for R (with Euclidean metric), 
a set is totally bounded if and Only if it is bounded; m 


oreover, in R 
(which is complete) any 


proper subset is complete if and only if it is 
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closed (Theorem 4.1.1). Thus (ii) of Proposition 5.1.4 could have 
been replaced equivalently by πολ μα 

ii)’ ( ἷ ste ἃ lly bounded. 

ii)’ (Y, py) is complete and tota 
5... modification, it is seen that the whole of Theorem ἜΝ 
can be regarded as a natural generalization of results concerning 
" various ways in which the statements of Theorem 9.6.1 
can be deduced from each other, apart pete described in 

in parti axercises 5.4.1, 5.6.1. 

.3—5.5; in particular see Exercises 5.4.1, ee en 
: et warned that, although we have the tidy ene in 
which all four properties (i)-(iv) above are equivalent in τὰ ἐν = 

: onan sral situation of a : 

ace, this is not true in the more genera ΤΗ͂Σ ΡΝ 
peers το spaces; for example, in any topological space (i) implies 
(iii), but not vice versa. 


EXERCISES 5.6 
| 1 ly d. Prove that any 
: be complete and totally bounde ὃ ι 
isan Ga = ramen at least one cluster value by the following 
steps. J 
* For each k in N there exists a finite k~*-net, A, say, in X. = 
About each of the points of A, describe a aes “i neo ἽΝ 
i inite . 
ist one of these spheres, say S;, contains an infini ἫΝ 
Gat) ‘of (x,). About each of the points of A 2 ps oo = 
: p! ntains an in 
ius t one of these spheres, say δ}, co 
ors mae ta of (x‘). Proceed, by induction, to obtain an 
infinite sequence of sequences, each a subsequence of the previous 
one, ‘ ’ (")) that is (xf, xy, = 
ii) Consider the ‘diagonal’ sequence (x, , that is, (x' 
= that it is a subsequence of (x,) and that it is a inet ga 
pio Deduce that (x,) must therefore have a cluster value. 


2. Show that a metric space is totally bounded if and only if every 
sequence in it contains a fundamental subsequence. 
i metric space (X, p). Any 
.{A,:A € A} be an open covering of a metric space ( 
i th 0 a that foreach xin X there exists A in A (dependent 
on x) for which 
S(x, 6) Ξ A, 


is called a Lebesgue number of the covering {A,:4 ¢ A}. 
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(i) Let (X, p) be compact and suppose, if possible, that {4,:A eA} 
is an open covering of (X, p) not possessing a Lebesgue number, 
Show that there exists a convergent sequence (x,) in X such that 
S(x,, 2 ~*) is not contained in any of the sets A,. 

Let χορ denote the limit of (x,); let x» €A ao and dy > Ὁ be such 
that S(x9, 259) is contained in 4 ao: Show that there exists n > 1/5, 
for which p(x,, Χο) < 59. Hence obtain a contradiction. 

Deduce that every compact metric space possesses a Lebesgue 
number. [An alternative proof of this result is suggested in Exercise 
5.8.7.] 


(ii) Give an example of a totally bounded space and an open 
covering of it which does not possess a Lebesgue number. 


4. A metric space is said to be countably compact if every countable 
open covering contains a finite subcovering. Trivially a compact 
metric space is countably compact; in this exercise we outline a proof 
of the converse. 

Let (X,) be countably compact. Suppose, if possible, (X, p) 
contains an infinite sequence (x,) of distinct points with no cluster 
point; let Y = {x,:2 © N}. Then for each ἡ there exists ¢, > 0 such 
that S, Y = {x,} where S, = S(x,, ¢,); for each y € ¥ there exists 
ὃγ > Osuch that δ᾽, Ὁ Y = & where S, = S(y, é,). Let U denote the 
union of all the S,. Then {U, S;, Sy, ...}is a countable open covering 
of (X, p) which does not contain a finite subcovering, 

Using also Exercise 5.2.5, deduce the following result. 

For any metric space (X, p) the following statements are equivalent: 

(i) (X, p) is compact; 

(ii) (X, p) is countably compact; 

(ili) every nested sequence of non-empty closed sets in (X, p) has 
non-empty intersection. 


5. Show that the metric space defined in Exercise 4.3.2 is not compact 
by each of the following methods: 

(i) find an open covering of the space which does not contain a 
finite subcovering; 

(ii) find a sequence in the space which does not contain a con- 
vergent subsequence; 

(iii) use the characterization of compactness given in (iii) of the 

previous exercise, 
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5.7 Compact subsets | 
So far compactness has only been discussed in relation to ‘whole 
metric spaces. It may happen that, although a given metric space 
(X, p) is not compact, there do exist subsets of X which possess ar 
properties which characterize compactness; for example, neem 
closed subsets of R with the Euclidean metric. This leads us to make 


the following definition. 


DEFINITION 5.7.1. A non-empty subset Y of a metric space (X, p) 
is said to be 

(i) a compact subset of (X, p) if (¥, py) is compact; baa | 

(ii) a totally bounded subset of (X, p) if (Y, py) is totally ἜΒΗΘΟΣ 

The following is a straightforward result already referred to in 
§5.6. 

Lemma 5.7.1. Let Y be any non-empty subset of (R, d); then Y is 
totally bounded if and only if Y is bounded. 

Proof. By Lemma 5.2.1 it follows that if Y is totally bounded then 
| Mepis that Y is bounded so there exists M > 0 such that 
Y ¢ [—M, M]. Divide [—M, M] into a finite number of closed 
intervals, each of length less than δ. From each of those intervals 
which meet Y choose a point of Y. These points form a finite e-net, 


so Y is totally bounded. + ay 
It is easy to see that the result of Lemma 5.7.1 extends to (R”, d) 


for any m > 1. 
A non-empty subset Y of a metric space (X, p) is totally bounded 
if and only if, given any e > 0, there exists a finite set A, © Y such 
that | 
|) ϑγία, δ) = Y, (5.7.1) 
aéA, 
where S(z, ¢) is the sphere of (Y, py) centre z and radius é. Denoting, 
as usual, the sphere in (X, p) with centre z and radius 8 by S(z, 8), it 
is clear that (5.7.1) is equivalent to 
|) δία, δ) 3 ¥. (5.7.2) 
αθΑ, 
The next result asserts that in (5.7.2) it is not necessary for the 
points in A, to be in Y. 


em oe 
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LEMMA 5.7.2. Let Υ̓ be a non-empty subset of a metric space (X, p). 
Then the following statements are equivalent: 

(i) Y is totally bounded; 

(li) given any ¢ > 0, there exists a finite set B, S X such that 


ἀν S(b, 8) > Y. 


Proof. \t is immediate that (i) implies (ii), 

Now suppose that (ii) holds. Then given any δ > 0, let B,, be a 
finite subset of X such that 

|) S(6, 4) 3 Y. 
be By, 
ΓΒ, S Y, there is clearly nothing to prove. 

However if B,, ¢ Y, we construct a finite e-net A, as follows. 
For each ὁ in B,,, either be Y or b ¢ Y. In the former case put bin 
A,. In the latter case there are two possibilities; either S(5, 42) meets 
Y or it does not. In the first event take a point b’ common to S(b, 42) 
and Y, and put it in 4,; in the second event put no corresponding 
point in A,. The set A, formed in this way must be finite; it is easily 
seen to be an e-net for Y. For if ye Y, there exists a point ὁ in B,, 
such that p(y, δ) < 4e; if this ὁ is in A, there is nothing to prove. 
Otherwise b was replaced by δ' where 


p(y, b') < p(y, b)+p(b, b’) < «. 
Thus A, is an e-net of ¥. Hence (ii) implies (i), 


LEMMA 5.7.3. Any subset of a totally bounded metric space is 
totally bounded. 


Proof. This result follows immediately from Lemma 5.7.2. 


The question which now naturally arises is ‘when is a non-empty 
subset Y of a compact metric space (X, p) compact?’ Since a metric 
space is compact if and only if it is complete and totally bounded, it 
follows from Lemma 5.7.3 that the answer to our question is ‘when 
and only when (Y, py) is complete’. Since (X, p) is complete, by 
Theorem 4.1.1, (Y, py) is complete if and only if Yis closed in (X, p). 
Hence the following result is established. 


LemMA 5.7.4. If Y is a non-empty subset of a compact metric space 
(X, p), then (Y, py) is compact if and only if ¥ is closed in (X, p). 
In view of Theorem 4.1.2 we also have the following result. 
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ΓΕΜΜΑ 5.7.5. If Ὺ is a non-empty subset of a metric space (X, p) 
and if (Y, py) is compact, then Y is closed in (X, p). 


Since compactness is such an important concept, it is sometimes 
desirable to be able to consider sets which are not closed, so will 
not be compact, but which have compact closures. This leads to 


DEFINITION 5.7.2. A non-empty subset Y of a metric space CX, p) 
is said to be a relatively compact subset of (X, p) if Y is a compact 
subset of (X, p). 

The following result is a variation of Theorem 5.6.1. 


LEMMA 5.7.6. Let Y be a non-empty subset of a metric space (X, p). 
Then the following statements are equivalent: 
(i) Y is relatively compact; 
(ii) every infinite set in Y possesses at least one limit point (not 
necessarily in Y); 
(ili) every sequence in Y possesses at least one cluster point (not 
necessarily in Y). 


Proof. Assume (i); then Y is compact so (ii) follows immediately 
from Theorem 5.6.1. 

Assume (ii); then we can deduce (iii) by exactly the same steps as 
used in the proof of Theorem 5.5.1. 

Assume (iii). Let (x,) be a sequence in Y; we first replace this by a 
sequence (x;) in Y such that p(x,, xf) + 0 as n -- o. Since x, ε ¥ 
there exists x, in Y such that p(x,, ΧΙ) < 1/n; thus (x‘) is a sequence 
in Y, so there exists a convergent subsequence (x, ) which converges to 
some element c, which must be in Y. Now 


ρίχ,.» ὦ SP Xs Xp) Ἐρίχῃ, ὦ); 


letting Καὶ + 00, X,, τὸ ¢, so ¢ is a cluster point of (x,). Hence by 
Theorem 5.6.1, ¥ is compact, that is, Υ is relatively compact. This 
establishes (1). 


EXERCISES 5.7 
1. Which of the sets 
[0, 1], (0, 1], {1, 2, 3, 4}, y Qn [0, 1], Qn (0, ν΄ 2) 


are compact in (R, d)? For those which are not compact find an 
Open covering which does not contain a finite subcovering. 
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2. Let Y be a finite subset of a metric space (X, p); show that Y is 
compact. 

If p’ is any discrete metric associated with X, show that (X, p’) 
contains no infinite subset which is compact. 
3. (i) If ¥,, Y, are compact subsets of a metric space (X, p), show 
that Y; ἡ Y2, Υ͂, ὦ Y2 are also compact. 

(il) If {Y,:A © A} is any collection of compact subsets of (X, p), 


and if 
ΡΞ. Y;, τις il 
τὰ πὶ ἦν 


prove that V is compact, but that W is not necessarily compact. 


4, If Y,, Y, are subsets of a metric space (X, p) such that Y, is 
closed and Y, is compact, show that Y, ἡ Y, is compact. 


5. Let Y be a subset of a metric space (X, p) and let ¥’ denote the 
set of limit points of Y. 

(i) Show that Y is totally bounded if and only if FY is totally 
bounded. 

(ii) If Y is totally bounded show that Y’ is totally bounded. 

(it) If Υ is compact show that Y’ is compact. 

(iv) Give an example in which Υ is totally bounded and Y’ is not 
compact. 

6. Prove that Y is a compact subset of a metric space (X, p) if and 
only if every covering of Y by open subsets of (X, p) contains a finite 
subcovering. 
7. Let f be a mapping of a metric space (X, p) into itself such that 
p(T (x), f()) < p(x, y) for all distinct x, y in X. 

(i) Show that f cannot have more than one fixed point. 

(ii) Show that fis continuous over_X. 

(iii) Let x9 be an arbitrary point of X and let x, = {(x,). 
Suppose that (x,) contains a convergent subsequence (x,,) with 
limit y. Show that for any positive integer p 

f(y) > ge Xn, + po 
and that (p(x,, X,+ )) is a decreasing sequence. Deduce that 


p(y, fO)) = pf), FO). 
Hence show that y is a fixed point of ἢ 
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(iv) If f(X) is a compact subset of (X, p), deduce that f has a 
unique fixed point. 


5.8 Properties of functions continuous over compact sets 
In this section some fundamental theorems concerning real-valued 
functions which are continuous over closed bounded intervals of R 
(with Euclidean metric) will be generalized, in a natural way, to 
results concerning functions which are continuous over compact 
subsets of arbitrary metric spaces. 

The first result to be generalized is 


ProposITION 5.8.1. Let J = [a,b]; if the function [:1- R is 
continuous over I then its range {(1) is bounded. Moreover, the 
supremum and infimum of {(I) are attained; that is, if M = sup 7(ἢ, 
m = inf f(), then there exist a, B in I such that f(a) = M, f(B) = m. 


The generalization of the first part of this result is as follows. 
THEOREM 5.8.1. Let (X, p), (X’, ρ΄) be two metric spaces, and Y be 


a compact subset of (X, p); if f:(¥, py) > (X", p’) is continuous then 
ΤΟΥῚ is a compact subset of (X"', p’). 


Proof. For brevity let Y’ = f(Y), so it is necessary to show that, if 
fisacontinuous mapping of (Y, py) onto (Y’, py-), then compactness . 
of the first metric space implies compactness of the second; for 
further brevity the subscripts of py, py are dropped. 

Let {Z,:4¢A} be any open covering of (Y’, ρ΄). Since f is con- 
tinuous, f~*(Z,) is open in (Y, p). Furthermore, 

{f-*(Z,):A EA} 
is an open covering of (Y, p); why? Since Y is compact, there exists 
a finite subset A’ of A such that 
{{Γ (Ζ):λεΔΛΊ 


also covers (Y, p); it is finally shown that {2.:λε.ΔΛ΄} is a finite 
subcovering of (Y’, p’) so that the latter is compact. Now 


Y= f(X)=f( VU f-'Zd) 
= Ust-Z) ¢ UZ; 
AeA’ AcA’ 
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using (1.2.6), (1.2.14). However Z, © Y’ forall Ain A; so that 
Y’ = ι: 2 
AeA’ 


This completes the proof. 


Theorem 5.8.1 can be summarized as ‘a continuous image of a 
compact set 1s compact’. An alternative proof of this result is 
contained in Exercise 5.8.1. 

. Next the second part of Proposition 5.8.1 is generalized. First a 
simple result is established. 


LEMMA 5.8.1. Let A be a closed, bounded (that is compact) subset of 
(R, d). Let M = sup A, m = inf A; then M, me A. 


Proof. For any e > O there exists ain A such that M—e <a <M - 
hence M is a limit point of A, and so Μ ε A. Similarly me A. 


THEOREM 5.8.2. Let Y be a compact subset of a metric space (X, p). 
If f:(Y, py) > (R, 4) is continuous, then the supremum and infimum 
of f(Y) are attained; that is, if M = sup 7}, m = inf f(Y), there 
exist a, B in Y such that f(a) = Μ, f(B) = m. 


Proof. Since f(Y) is a compact subset of (R, d) it is closed and 
bounded. Hence /(Y) possesses a supremum M and an infimum m. 
By Lemma 5.8.1, M,me/f(Y), so there exist a, βὶ in Y such that 
Κῶ = M, f(B) = m. 


In §3.3 it was explained that although a bijective mapping must 
have an inverse, the inverse of a continuous bijective function is not 
necessarily continuous. However, we do have the following result 
which is deduced from Theorem 5.8.1. 


THEOREM 5.8.3. If (X, p) is compact and f:(X, ρ) > (Χ΄, p') is a 
continuous bijective function, then the inverse f~! (X", p") > (X, p) 
is also continuous, (that is, f is a homeomorphism). 


Proof. Let Y be a closed subset of (X, p); then by Lemma 5.7.4, 
Y is a compact subset of (X, p). Therefore, by Theorem 5.8.1, 
f(¥) is a compact, and hence closed, subset of (X’, p’). But 
ΚΑῚ Ξ (Ὁ 7) so (£7 ὅ) 7) is a closed subset of (X’, p’). 


Hence, by Theorem 3.2.1, 77 is continuous. 
The second result to be generalized is 
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ProposiTION 5.8.2. Let I = [a,b]; if the function f:I > R is 
continuous over I, then it is uniformly continuous there. 

The reader is reminded that uniform continuity was defined for 
arbitrary metric spaces in §3.1. The generalization of Proposition 
5.8.2 that we shall prove is as follows. 


THEOREM 5.8.4. Let (X, p), (Χ'΄, p’) be two metric spaces, and Y be 
a compact subset of (X, p); if f:(Y, py) ~ (X’, ρ΄} is continuous over 
Y, then it is uniformly continuous there. 


Proof. Given any ὃ > 0, for each point y of Y, there exists 6, > 0 


for which p'({(y), f0”)) < 4e for all γ' in Y such that p(y, y’) < 4,. 

Since {Sy(y, 46,):y € Y}is an open covering of Y, there exists a finite 
subcovering of Y by, say, 

Sy; 46), ney Syn» 2δ.) (5.8.1) 

where we write 6; for 6, (i = 1, ..., a). Let 6* = min (46,, ..., 46,). 

Now let y, y’ be any pair of elements of Y such that p(y, y’) < 6*; 


since ye Y, it must belong to one of the spheres of (5.8.1), say 
Sy(y,, 46,). Therefore p(y, y,) < 46,, and hence 


pr": Vx) < ply’, y)+pQ, γὼ - Ox: 
Hence, for such y, γ' 


PFO), SO)) < P'S), FO) + P' UO, JO) < fe+de = ε. 
This completes the proof since 6* is independent of the points 
ys y'. 
We conclude this section with two remarks. 
(i) It is largely the properties possessed by functions which are 
continuous over compact sets, as described in Theorems 5.8.1, 5.8.2, 
5.8.3, 5.8.4, that make compactness an important concept. 


(ii) Observe that we have frequently studied (in particular in 
§§2.2, 2.4, 4.2) the space (@(J), @) where J = [a, Ὁ] and o denotes the 
supremum metric. If @(X) denotes the set of all real-valued con- 
tinuous functions defined on a compact space (X, p) then the above 
results enable us to generalize our study of (@(J), oc) to that of 
(€(X), σὴ where o is again the supremum metric 


o(f, 8) = sup | f(x) —g(>)|. 
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Moreover (@(X), a) is complete. The verification that σ is a metric 
and that the space is complete is a straightforward extension of the 
argument used when X = /; it is necessary to use the result of 
Exercise 3.1.2 instead of Theorem 1.6.7. The details are left to the 
reader. The space (¢(X), σὴ) is of considerable importance in more 
abstract analysis; however we shall refer to it again only in §7.8. 


EXERCISES 5.8 


1. Give an alternative proof of Theorem 5.8.1 using the equivalent 
characterization of compactness established in §5.4. [However such 
a proof does not generalize to arbitrary topological spaces as does 
the proof given in §5.8.] 


2. Give examples to show that the criterion in Theorems 5.8.1, 
5.8.2, 5.8.3, 5.8.4 that Υ be a compact subset of (X, p) cannot be 
dropped (for the case of Theorem 5.8.3 consider the function defined 
in Exercise 3.3.6). [See also Exercise 7.3.3.] 


3. Let f be a mapping of a compact metric space (X, p) into itself 
such that /(X) is everywhere dense in (X, p), and 


P(x), f(Y)) = p(x, ¥) 
for all x, yin X. Prove that f(X) = X (so that fis an isometry). 


4, Let (X, p) be totally bounded; if /:(X, p) > (X’, ρ΄) is uniformly 
continuous, prove that /(X) is a totally bounded subset of (X’, p’). 
[Thus if fis a bijection from (X, p) to (X’, p’) such that f and f~? 
are both uniformly continuous, then (X, p) is totally bounded if and 
only if (X’, ρ΄) is totally bounded.] 


Ἢ Let Y,Z be non-empty subsets of a metric space (X, p). Prove 
that 


(ἢ if Y is compact then there exists y in Y such that 
p(y, Z) = p(Y, Z); 
(ii) if Y and Z are both compact, then there exists y in Y and z 
in Z such that p(y, 2) = p(Y, Z); 
(ili) if Y is compact and Z is closed, then p(Y, Z) = Ο if and only 
fYaZz αὶ (ΚΟ. 
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6. Let f be a mapping of a metric space (X, p) into itself such that 
o(f(x),f()) < p(x, y) for all distinct x, y in X. Suppose that (X, p) 
is compact. Let 
h = inf p(x, f(x); 
xexX 


by using a contradiction argument show that / = 0. 

Using (i) of Exercise 5.7.7 deduce that Κ᾽ possesses a unique fixed 
point. [This exercise provides a simpler proof of a weaker form of 
the result of Exercise 5.7.7.] 


7. By imitating the first part of the proof of Theorem 5.8.4 obtain 
an alternative proof of the result (i) of Exercise 5.6.3. 


5.9 Examples concerning compactness in metric spaces 

In this, and the following, section we shall look at some of the metric 
spaces defined in §2.2 and seek necessary and sufficient conditions 
for subsets of them to be compact. As before, the Roman numerals 
below correspond to those of §2.2. 

(i), (ii) X = R, R™ with the corresponding Euclidean metric. 

The situation in these cases is well known. The metric spaces are 
not compact; for example in (R, 4) the open covering {(—1,”):n €N} 
contains no finite subcovering. A subset is compact if and only if it 
is closed and bounded. 


(iii), (iv) X = Ἀπ᾿, and let 
p(x, y) = {Di jx,—yif?} 1? 
where p 2-1, and 
p'(x, ») = max, |x,—y\|. 

Then, as was seen in §3.4, the metrics p, p’ are equivalent; hence, if 
Y < R", the spaces (Y, py), (Y, py) are homeomorphic, and by 
Theorem 5.2.1, either of these metric spaces is compact if and only if 
the other is compact. When p = 2, p is the Euclidean metric; thus 
(R™, p), (R™, ρ΄) are not compact, and a subset of R” is compact in 
(R™, p) or (R™, ρ΄) if and only if it is closed and bounded. 

(v) X is any non-empty set and p is the standard discrete metric. 
Any subset Υ of (X, p) is compact if and only if it is finite; this is 
seen as follows. 

E 
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woe that Y is finite, and {Y,:4 ΕΛ} is an open covering of 
ih nigel on he tac rem —_ there exist Yi i=1,....7 
a ( ee 9 ve ae! a:! =1,...,”} is a finite subcovering 
onversely suppose Y is a compact subset i 
sto open in 9) (767) sn op coving oF 
Mest του σμκεφμιρνῤρ δ ite subcovering of Y, that is, there exist 


{y ku oun τω αἴ ΞΞ 
so ¥ is finite, : vt = Y, 


In view of (i) of Exercise 3.4 6, a subse | : 
. vey t of any di Η 
compact if and only if it is finite. See SE ἢ 


(vi) X = ξρ and 
p(x, y) = {> [x;—y,|?}/? 


where x = (x,), y = (y,) are two elements of /? | 
| ᾿ | | as ἐν" 
$5.1 shows that (ΖΡ, p) is not compact. he example of 


Let Y c ¢?; then Y is a compact su oes 
: ; pact subset of (ΖΡ, p) if and only if it 
1s Closed and both of the following conditions are satisfied : ate 


(a) Y is bounded, that is, there exists M > 0 such that 
oD ) i/p 
(2, | ἮΝ 


for all y (=(y,) in Κ, and 
(6) given any 8 > 0 there exists J such that 


bt = <e 


where J is independent of y (=()) in ¥. 
The proof of this result is outlined in Exercise 5.9.3. 


EXERCISES 5,9 


1. Show that the metric spaces (YX, : 

| » P), (X, ρ΄) defined in Exercise 
2.2.2 are totally bounded (or compact) if and only if the spaces 
(X;, P,), i= 1,....,m are all totally bounded (or compact, respec- 
tively). (For the ‘only if? part use Exercise 3.2.8.) 


2. Let (X, p) be the metric space defined in Exercise 2.2.4. 
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(i) By considering the sequence (x) defined by x = (n, ἡ, ...), 

show that (X, p) is not compact. 

(ii) Let (αὐ be such that a; > 0 for alli, and let Y(c X) bea 
closed set such that for all y (=(»)) in Y, |y;| <a, @ EN). 

Let (x) be a sequence in Y where x = (xf, χα", ...). 

Show that the sequence (x%) in (R, 4) must have a convergent 
subsequence, limit x{° say, where |x| < a,. Consider next 
the subsequence of (x) whose first coordinates are precisely the 
subsequence of (x) just described. Show that the sequence of the 
second coordinates of the subsequence contain a subsequence 
convergent in (R, 4), limit x§” say, where |x$”| < ap. 

Proceeding in this way define an element x in Y; show that 
x) is a cluster value of (x). Deduce that Y is a compact subset of 

X, p). 
pas extract from the above argument a convergent subsequence of 
(x). (Hint: see Exercise 5.6.1.) 

(iii) Using the last part of Exercise 3.2.8 prove that the criterion of 
(ii) is not only sufficient for Y to be compact but that it is also 
necessary. 

3. Establish the assertion of §5.9(vi) by the following steps. 

First assume that Yis a compact subset of (ΖΡ, p). Then Y must be 
closed. 

Y is bounded; deduce (a). | 

Given any ¢ > 0, let {y, ..., py} be m points of Y which form 
a te-net of Y; set y = (y, y$”, ...) form = 1, ..., m. There exists 
1 such that 


ap ΠΡ 
[Sr "εν 
forn = 1,...,m; for any y in Y show that 
a0 _\ isp | 
[Z ber] <4 


for some n such that 1 <m <m. Deduce (6). x 
Next assume that Y is a closed set which satisfies conditions (q), 


(ὁ). 
Given any 8 > 0 there exists J such that 


I? < 40” 
i=ajJ+1 
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for all ν (=(y,)) in Y; associate with each y in Υ the point 
(V1, ... ».. 0, 0, sete 


and call the set of all such points Y,. Let Y, be the subset of R/ 
defined by 


Υ, τὸ {, -.. iy € Y}. 
Show that Y, is a totally bounded subset of (Α΄, p") where 


I 
p'(u, v) = { y Jui, 
Ν =(u;,...,u)), 0 =(v,,...,2,), and that (Y,, Py.) is homeo- 


morphic to the subset Y, of (Ε΄, ρ΄). Hence obtain a finite s-net of Y. 
Deduce that Y is compact. 


1/p 


4. Show that a closed, bounded, subset Υ of the metric space defined 
in Exercise 2.1.6 is compact if and only if 


(i) for each 8 > 0 the set 
{x,: there exists (x,, ¥2) in ¥ such that |x,|> 8} 
is finite, and 
(11) the sets 


YO {(%4, X2):x, fixed, x, € R}, Yo {(%, 0):x, ὁ R} 
are Compact in the Euclidean sense. 


5. Find necessary and sufficient conditions for a subset of the metric 
space defined in Exercise 2.1.5 to be compact. 


5.10 A further example: the Arzela-Ascoli theorem 

Throughout this section, J denotes the closed interval [a,b] and p 
is the usual supremum metric on 61). Since the study of continuous 
functions is a foremost part of analysis it is useful to know which 
subsets of (6), p) are compact. In this section, after the definition 


of two simple terms, necessary and sufficient conditions for this wil] 
be obtained. 


DEFINITION 5.10.1. A set A of real-valued functions f, each of 
which is defined on a set S, is said to be uniformly bounded over S 


if there exists a constant M such that ΑἹ] < M for all fin A and 
all xin S. 
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LemMA 5.10.1. Let Y S @(J); then Y is uniformly bounded if and 
only if Y is a bounded subset of (€(), p). 


Proof. This is left to the reader. 


DEFINITION 5.10.2. A set A of real-valued functions LF oa ᾿ 
which is defined on a subset S of a metric space CX, p), ᾿ sai : to δ 
equicontinuous over S if, given any ὃ» 0, there exists Ζ τύ 
that | f(x,)—/(x2)| « ε for all fin A and all x,, x, in S for whic 


; ee κε δ. -: " - * 
ge this immediately implies that each individual function 


is uniformly continuous over 5S. 


THEOREM 5.10.1 (The Arzela-Ascoli theorem). Let A be a subset of 
(@(1), p). Then the following statements are equivalent: 


(i) A is compact; ) | 

(ii) A is a closed subset of (@(1), p) and is both uniformly bounded 
and equicontinuous over I. : 

Proof. First assume (i). Then (A, ρα) is compact, so A is closed . | 
(G(I), p). Since A is totally bounded, it is a bounded subset o 
(GD), p) and so, by Lemma 5.10.1, A is uniformly bounded over I. 

For any e > ὃ, there exists a finite fe-net of A, 80 there is a finite 
set {f;, ...,/;} of functions in A such that, for any 7 in A, there exists i 
(1 <i <k) for which p(f,f)) < 4e, that is, for which 


sup, [ΧΧῦ -- ὦ] « 4e. 


Each f; is continuous over J so is uniformly continuous there; 
hence there exists 6, > 0 such that 


μι —Slt2)| < 4e 
for all t,, 1, for which |t,—1,| < 6, Let δ = min (6, ..., δι). Then 
for |t;—t,| < 6 and any fin A, uf 
At) —Mt)| <0) At) | + it) fil) | + |fit) Sa) < ε, 


so A is equicontinuous over 1. | . 
Now ue (ii). Since (@(J), p) is complete and A is ee : 

follows that (A, p,) is complete. It remains to show that the subspac 

is totally bounded. ee 

| ace a is uniformly bounded, there exists M such that | iF | <M 
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for all f in A. Let ¢ > 0; since A is equiconti 
en a aNG 5 equiconti 
5 > 0 for which quicontinuous, there exists 


[M(t))—f(t,)| < te (5.10.1) 


for all t;, 1 in 1 such that |r, —2,] < ὃ . 
wae | of , and for all 7 
a partition P of J, say | i ἢ fin A. Construct 


G@=%X%<X%,<...< xX, = ὃ 


such that ΠΡ < 5 (where |P|| denotes the length of the longest 
subinterval of P); likewise construct a partition P’ of [—M, M] 


—~-M=yo<y, <... < Vm = M, 


such that | P’| <= de. Thus the rectangle b af 
divided into mn sub-rectangles. gle [a, b] x [—_M, M] has been 


Corresponding to each function 7 of A, de 

) , define a function : 
oe Let f(x,) be the least y; in P’ such that y, wat fs 
=> 0, 1, ves n; let f(x) be defined linearly between these points. In 
ot δ ee function f (which is in (J), although not neces- 

in Is associated with each of the 1 | | 

Ἢ ; Pea. Θ members of A. Let 
Since f(x,) > /(x,), it follows that 


7 ες .)-} (x) «- [}Οὕνς —S (x) 
= I (Xs —-S ὦ) ἐκ) —S (x) « 4e. 
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Similarly 
FX+dS On) ας ι)-] ὦ 
= ἀμ) παρ tS) -FOw > -- Ξε, 


7] (x,41)-S (x,)| < te. (5.10.2) 
Then, if x <t < Xp44, 
LA) -F(O| <|FO—-F Ow” | + POF (x,)|+|F)-FO| 
< Je+je+He 
by (5.10.1) and (5.10.2), and since f is linear on [—X,, Xx+ 1]; thus 
o(f,f) < 8. We have therefore shown that given any f in A, there 
exists f in B, such that ρ(, ἢ < ε. 
Since there are exactly (m+1)"*! polygonal arcs through the 
points (x; y,;), 1=0,1,....%3 J = 0, 1,..., 7, the e-net just con- 
structed must be finite. Hence, by Lemma 5.7.2, A is totally bounded. 


and hence 


By Theorem 5.6.1, any infinite sequence in a compact subset of 
(€(1), p) contains a subsequence which converges in (@(J), p); 
moreover, since convergence in this metric space is equivalent to 
uniform convergence in the Euclidean sense (see §2.4(viii)), we can 
restate the Arzela-Ascoli theorem in the following form. 


CoroLLary 5.10.1. Any infinite sequence in a closed, bounded and 
equicontinuous subset A of (@(I), p) contains a subsequence which 
is uniformly convergent (in the Euclidean sense); moreover, the limit 
of this sequence belongs to A. 


In view of Lemma 5.7.6 and Exercise 5.10.1 this can be modified 
as follows. 


COROLLARY 5.10.2. Any infinite sequence in a bounded equicon- 
tinuous subset A of (@(1), p) contains a subsequence which is uniformly 
convergent (in the Euclidean sense); however the limit of this sequence 
does not necessarily belong to A. 


EXERCISES 5.10 
1. Let Y be a subset of (€(J), p). If Y is uniformly bounded (or 
equicontinuous) over J, show that Y is also uniformly bounded 
(or equicontinuous, respectively) over J. 
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mis Let (f,) be a sequence of differentiable functions in @(J) such 
(a) sup, |£(~)| < M for all n, and 
(6) there exists ¢ in J such that the set {f,(c):n € N} is bounded. 
Show that (77) contains a subsequence which converges in (ὁ ἢ), p). 


; he τὸ A ᾧ 7 Y be an equicontinuous set of functions 
"1 Ὁ \ such that {/(c):fe Y} is a bounded subset of R. § 
Y is uniformly bounded. ao ae 


Give an example of an equicontinuous set of functions which is 
not uniformly bounded. | 


3. (i) For 0 «ε <1 and 0 <x <1 show that |1—x"| < e if and 
only if x > (1-2). Let Jp = [0,1]. Using the result that 
(1 -δ) - 1 as n τὸ οὐ, deduce that the sequence of functions (x”) 
[sic] is not equicontinuous over 10» and so does not possess a cluster 
value. Hence show that the ‘unit’ sphere | 


{f: sup If(x)| <1} 


is not a compact subset of (610), p) whe is t | : 

reg or (Jo), p) re p is the usual supremum 
(ii) By showing that the sequence of functions (x") is not uniformly 

convergent over Jo, give an alternative proof that the sequence (x”) 

does not possess a cluster value in (C(I), p). 


4. Fill in the details of t ing outline οἱ | 
of the sufficiency part boo tem ice deci repeaes torviee 
Let (f,) be any sequence in a subset Υ of (@(1), p) where Y is 
closed, uniformly bounded and equicontinuous over iy. 
(1) Express the sett H = Qn Jas {γαῖ ΕΝ}. 
The real sequence (7,(r,)) contains a convergent subsequence; let 
it be denoted by (/in("1)). The real sequence (/;,,(r2)) contains a 
convergent subsequence; let it be denoted by (/2,(r2)). Thus the 
ipa a) converges at r,, r,. Proceeding in this way define, for 
| nN, a sequ | : vi 
eo γε ag (Sinn(?m)) Such that the sequence (/f,,,.) is 


(ii) The diagonal subsequence f | | 
points of H. quence (f,,) of (f,) is convergent at all 


(iii) For brevity set g, = Tani Zi 
π᾿ &n = Jnns Slven any é > O there exists 6 > 0 
for which |g,(x)—g,(y)| < 4e for all n and all x,y in J such that 
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|x—y| < δ, where 6 is independent of n. Let qj, ...» 4, be rationals 
such that 

α “4, 44χ«... <9, «ὃ 
and max (1 --α, 2—q), -.., b—q,) < ὃ. 

For i = 1, ..., t there exists N; such that |g,(9,))—gn(q)| < 32 for 
all m,n > N;. Set N = max (Mj, ..., N,); then |g,(x)—g,(x)| < ς 
for all xin Jand all m,n > N. 

(iv) Thus ¥Y is a compact subset of (@(/), p). 


5, Let (X, p) be a compact metric space and let (@(X), o) be the 
metric space defined at the end of §5.8. Prove that a subset of (@(X), a) 
is compact if and only if it is closed and is both uniformly bounded 
and equicontinuous over X. 


5.11 Peano’s theorem 

The Arzela-Ascoli theorem is now used to obtain an important 
existence theorem due to Peano concerning the differential equation 
y’ = f(x, y). The statement of this result is similar to that of Theorem 
4.8.1; the only difference is that we shall no longer assume that the 
function / satisfies a Lipschitz condition, although we shall require 
that fis bounded. In consequence it is no longer possible to conclude 
that the solution is unique; an example will be given in which there 
exists more than one solution. 

Classically, Peano’s theorem was proved by a method which 
involved approximate polygonal solutions (that is, functions whose 
graphs are polygonal arcs approximating to the exact solution); this 
method, although direct, is comparatively complicated. The proof 
given below is a less obvious, but more elegant, one due to Tonelli. 


TuHeoREM 5.11.1. Let I = [χο--α, Χο ἘΠῚ and S=IxR; let 
[:S — R be continuous and bounded over S. 
Then the differential equation 
y = f(x, y) (5.11.1) 
possesses a solution through (Xo, Yo) over I. 
Proof. By Lemma 4.8.1 the differential equation (5.11.1), subject to 
the condition y(x9) =Yyo, is equivalent to the integral equation 
VX) = Yor Jz. SU V(t) at (5.11.2) 
for χε]. We consider first the half-interval 10 = [xo, Xp +a]. 
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oo a nay woe of real-valued continuous functions 
o 4S lolows. For x9 <x <x,+a/n set = Vo} 
Xotaln < x <xj+a set cis ~~ 

Ya) = Yor J" F(t, y,(t)) dt. (5.11.3) 
Note that this is a meaningful definition for Yn(X); for, setting 


J, = [xo +(r—la/n, ΧΟ ἜΤΗ, r=1,...,7 


if x € J,, then y,(x) is defined in terms of yn AX) for x in J 2 
| & ! x ὡς IIe 
Let | f(x, »)| <M for all (x, y) in δ. If x > Χο vib then 
ly(*)—Yo] < [τ [f(t »,(0)|dt < M| x—an-1—x, | < Ma; 


if X» <x <xg+a/n then |y,(x)—Yo] = 0, so the sequ 
: jn a, “ἢ ence 
uniformly bounded over Jp. cp ll sce ἦν 
ἰν,(Οὐ-- »,(ΧἹ < M|x—2'| 
for all x, x’ in 10, so the sequence (y,) is equiconti 
| ᾽ | quicontinuous over J,, 
Therefore by the Arzela-Ascoli theorem there exists a uniformly 


oo subsequence (y,,) with a limit y* which is continuous 
OVET fo. 


It will be shown that y* is a solution of (5.11.2) over Jy. Ifx > ἃ 
then x > x9+a/n, for all k sufficiently large, so from (5.11.3) 


VYn(X) = Yor [τς f(t, Y_,(t)) dt. (5.11.4) 

We cannot let k + oo to obtain (5.11.2) immediat 

.11. tely; wh 
Instead we rewrite (5.11.4) in the form seaeneani 
γω(χ) — Yor | Tod te, Yay(t)) dt — fr om, F(t, Vm,At)) dt. (5.1 1.5) 
Then, by Theorems 1.6.8, 1.6.11, 
im §2,4(6, », (0) at =f, f(t, y*(O)adt. 
Also 
[{5- ἐκεί, Y(t) at| < Jz ajm ΜΑΙ = Majn,, 


which tends to zero as k + oo. Hence, letti >; 
follows that Naneete cies seo eye 
Y*(x) = Yor Jz, S(t, y*(t)) dt, 


so y* is a solution of (5.11.2), and hence of (5.11.1), over [xo, Xo - 
« - 1 ὰ 3 sally - FJ 5 + a}. 
Similarly there exists a solution of (5.11.1 over [x,— ; ” Thi 
completes the proof. 7 Mie παρ Th 
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An example is now given which shows that a differential equation 
of the form y’ = f(x, y), where fis continuous and bounded over a 
strip S (as defined in Theorem 5.11.1), may not possess a unique 
solution through (Xp, Yo). 

Consider the function / defined by 

f(x, y) = min ("}}", 1) (5.11.6) 
over the strip S = [—1,1]xR; let (x9, »ο) = (0,0) and a= 1. 
Then [15 continuous over S and also is bounded there (it is merely 
to ensure the latter condition is satisfied that we have defined f by 
(5.11.6) rather than by f(x, y) = |y|#). It is easily verified thatf 


yi(x) = (sgn x) |x|)? 


and y,(x) = Ὁ are both solutions of the differential equation over 
f—1, 1] through (0, 0). 

In fact the differential equation possesses an infinite number of 
solutions through (0, 0); see Hille (1969) pp. 38-39 and Exercise 
5.11.1. 


EXERCISES 5.11 
1. Let = [xp—a, Xp +a], and S = Ix R; let Κ: S + R be continuous 
and bounded over S. 

Suppose that the differential equation γ' = f(x, y) possesses two 
distinct solutions y, z through a point (x9, yo) in S. Let x, be a point 
in J such that p(x,) # z(x,) and let ¢ be any real number between 
y(x,) and z(x,). 

Prove that there exists a solution k through (Xo, yo) such that 
k(x,) = ς. Deduce that if there exist two distinct solutions through 
(Xo, Yo), then there exists an infinite number of such solutions. 


2. In the notation of the previous exercise, let Y denote the set of all 
solutions through (Xo, Yo). Show that Y is 
(i) uniformly bounded over J; 
(ii) equicontinuous over J; 
(iii) a closed subset of (@(J), ρ) where p is the usual supremum 
metric. 


+ sgn x is defined tobe +1ifx > 0, — lif x < 0,and0ifx = 0. 


6: CONNECTEDNESS 


6.1 Introduction and definitions 


The intuitive concept underlying connectedness is straightforward; 
for example [a, δ] is a connected subset of the real line, whereas 
(a, δ] ὦ [e, d] with b < ¢, is a disconnected subset of the real line. 
First we give a precise definition for connectedness of metric spaces; 
as in our study of compactness, we shall initially define the concept 
for ‘whole’ metric spaces, and then extend the definition to subsets 
of metric spaces. 

Tentatively we might say that a metric space (X, p) is disconnected 
if there exist two non-empty sets A, B such that 


X=AUB, ANB= GQ, 


and that (X, ρ) is connected if no such pair of sets exist. However 
this implies that all metric spaces with more than one point are 
disconnected; for, take A to be any proper subset of ¥ and let 
B = X—A. A simple modification of the above tentative definition 
leads to the following satisfactory form. 


. DEFINITION 6.1.1. The metric space (X, p) is said to be disconnected 
if there exist two non-empty subsets A, B of X such that 


X=AvUB, and ANB=Y, ANB=Q. (6.1.1) 


If no such sets A, B exist, then (X, p) is said to be connected. 

If (X, p) is a disconnected metric space and A, B are a pair of 
non-empty subsets of X satisfying (6.1.1) then the representation 
X = Av Bwill be called a disconnection of (X, p). 

A number of equivalent characterizations of disconnectedness 
(and hence of connectedness) will now be established; these are 
straightforward. 


THEOREM 6.1.1. Let (X, p) be a metric space. Then the following 
statements are equivalent: 


(i) (X, p) is disconnected; 
132 
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(ii) there exist two non-empty disjoint subsets A, B both open in 
(X, p) such that X = AU B; 

(iii) there exist two non-empty disjoint subsets A, B both closed in 
(X, p) such that X = Aw B; 


(iv) there exists a proper subset of X which is simultaneously open 
and closed in (X, p). 


Proof. Assume (i). Let X¥ = AU B be a disconnection of CX, p) 
so that Am B = @. Then A = X—B, so A is open in (X, p); like- 
wise B is open in (X, p). Clearly A (1 B = @, so (ii) is established. 

Trivially (11) and (i11) are equivalent. 

Assume (iii), Since A = X—B and Bis closed, A is open; thus A 
is open and closed in (X, p), and (iv) is established. 

Assume (iv). Let A be a proper subset of X which is open and closed 
in (X, p), and let B = X—A. Then X¥ = A uw B is a disconnection 
of X, and (i) is established. 


It is clear from the preceding proof that if X¥ = AU Bis a dis- 
connection of (X, p), then A, B are both simultaneously open and 
closed in (X, p). 

By negating the statements (i)-(iv) of the above theorem we obtain 
equivalent characterizations of connectedness. 

Connectedness is preserved by homeomorphic mappings. More 
precisely we have: y 


THEOREM 6.1.2. Let (X, p), (X", ρ΄} be homeomorphic metric spaces; 
(X, p) is connected if and only if (X", ρ΄} is connected. 


Proof. Let f:(X, p) — (Χ΄, ρῚ be a homeomorphism. Suppose 
(X’, ρ΄) is disconnected and let A’ be a proper subset of X’ which is 
simultaneously open and closed in (X’, ρ΄). Then f~'(A’) is both 
open and closed in (X, p) and is also a proper subset of (X, p); 
(X, p) is therefore disconnected. Hence (X, p) is disconnected if and 
only if (X’, p’) is disconnected, and so the theorem follows. 


EXERCISES 6.1 
1. Show that any discrete metric space with more than one point is 
disconnected. 


2. Show that (Q, d) is disconnected. 
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3. Let (X, p) be a connected space and I:(X, p) > (R, 4) be con- 
tinuous and such that, for any y in X for which 70) = 0 there exists 
a neighbourhood S(y, δ) such that f(x) = 0 for all xin S(y, 8); prove 
that either f(x) = 0 for all x in X, or f(x) # 0 for all x in YX. 


4. If (X, p) is connected and X contains more than one point, prove 
that X must be infinite. [In fact ¥ must be uncountably infinite: see 
Exercise 6.4.3.] 


5. Let X be a non-empty set and let x, ye X. The finite sequence 
(Y,,..., Y,,) of subsets of X is said to form a Jinite (or simple) chain 
joining x to yif xe Y,, ye Y, and 


Υ̓ ΑΥ̓͂, αὶ 2B, Y2n Τῷ # D, -.., %-40 ¥, # Τό. 


Show, by means of the following Steps, that a metric space is 
connected if and only if, for any open covering Y = {Y,:A€A} of 
(X, p), every pair of points in X¥ can be joined by a finite chain of 
members of %. 

Suppose (X, p) is connected. Let χε X and let H(x) be the set of 
all points in (X, p) which can be joined to x by a finite chain of 
members of Y, 


(i) Let he H(x) and (Yj, ..., Y,,) be a finite chain from ἃ to x. 
Show that Y, © H(x); deduce that H(x) is open. 

(ii) Suppose, if possible, that Y— H(x) τ Οἱ and let ge X—H(x); 
let ge Y,,. Show that Y,, ὦ H(x) = @ and deduce that Y— H(x) 
is open. Hence show that H(x) = X. 


Obtain the converse result by a contradiction argument. 


6. Let X be a subset of R and d,,d, be the Euclidean metrics for 
R, R? respectively. Given a function /:(X, d,) + (R, d,), define the 
function F:(X,d,)— (F(X), 4), where F(X) ε R?, by F(x) = (x, /(x)) 
for all x in XY. Prove that F is a homeomorphism if and only if f is 
continuous, 

If fis continuous show that F(X) is compact, or connected, if and 
only if X is compact, or connected (respectively). 


6.2 Connected and disconnected subsets 


DEFINITION 6.2.1. A non-empty subset Y of a metric space (X, p) is 
said to be a connected subset of (X, p) if (Y, py) is connected and to 
be a disconnected subset of (X, p) if (Y, py) is disconnected, 
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Let (XY, p) be any metric space and Y © X;if Y contains exactly 
one point, then it is a connected subset. . 

Let (X, p) be a discrete metric space and Y ¢ X; if Y contains 
more than one point, then it is a disconnected subset. 

By Definition 6.2.1, Y is a disconnected subset of (X, p) if and 
only if there exist non-empty subsets A, B of Y such that 


Y=AUB; AXNB=G, ANB =G, (6.2.1) 


where A’, ΒΥ denote the closures of A, B in (Y, py). (It should be 
remembered that, if (XY, p) is any metric space and ZC Yc X, 
then Z’ = Z* 7 Y (see Lemma 2.8.2) so that Z’, Z* are not 
necessarily equal.) However, since our basic metric space is (X, p) 
it would be more convenient if we did not have to introduce the 
closures of A, B with respect to ( Y, py). It happens that this can easily 
be arranged; we have the following result. 


THEOREM 6.2.1. Y is a disconnected subset of (X, p) if and only if 
there exist non-empty sets A, B such that 


Y=AUB; A*nNB=QG, AnB=@. (6.2.2) 


Proof. First assume that there exist sets A, B which satisfy (6.2.2). 
Since A* 5 A‘, B* 3 BY", (6.2.1) follows and thus Υ is a disconnec- 


ted subset of (X, p). 
Conversely, assume that Y is disconnected so there exist non- 


empty sets A, B which satisfy (6.2.1). Since A’ = A* cq Y it follows 
that 
Αἵ AB=(A* A Y)OB=A* OB, 
and similarly 
ANB =AnB, 


so (6.2.1) implies (6.2.2), and the theorem is proved. 


‘DEFINITION 6.2.2. If A, B are two subsets of (X, p) such that 
AnNB= @, AnB= @, 
then A, B are said to be separated. 


Thus a subset Y of (X, p) is disconnected if and only if it can be 
expressed as the union of two non-empty separated sets. 
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Let Y be a disconnected subset of (X, p) and A, B be two non- 
empty sets such that 


Y=AvB, A. AB=@Q@, AnB = (σ᾽, 
ac ΑΔΒ τ ὦ, AnB=Q. 


Of course, although A, B are both open and closed relative to 
(Y, py), so A = A”, B = BY, it does not follow that A, B are both 
open and closed relative to (X,). For example, let Y = R, 
Y = [0, 1) ὦ [2, 3) and p be the Euclidean metric ; then we may take 
A = [0, 1), B = [2, 3). It follows that 


A* = [0,1]4 A, δῖ = [2, 3] ¥ 8, 
so that neither A nor B is both open and closed relative to (X, p). 


THEOREM 6.2.2. If A, B are non-empty separated sets of (X, p) and 
Y is a connected subset of (X, p) such that ¥ ¢ AV B, then either 
YoAorYcbB, 


Proof. Suppose, if possible, ¥ ἢ .A αὶ @ and YA B # @ it will 
then be shown that Y can be expressed as the union of two non- 
empty separated sets namely Ym A, Yo B. By Theorem Py fi 


YnNACYnA 
sO 


(YO 4) ἡ (Υ ὦ 8) S(Y¥nA)an(¥nB) = YA(AN B)=@Q, 
since Am B = @. Similarly 
(YN A)A(Y ὦ 8) = @, 


and so, by Theorem 6.2.1, ¥ is disconnected. This gives the required 
contradiction. 


Let A, B be connected subsets of (X, p) which are not separated, 
Suppose, if possible, that 4UB=CuU Disa disconnection of 
Α΄ B, Then by Theorem 6.2.2, 4 ¢ CorAc D; for definiteness 
assume the former. Then B © ἢ (for BS C implies that D = @). 
Hence A, B are subsets of separated sets and so must also be 
separated, which is impossible. Thus the union of two connected 
sets which are not separated is also connected; this can be generalized 
to the union of any collection of connected subsets of (X, p). 
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THEOREM 6.2.3. If {Y,:4 € A} is a collection of connected subsets 


of (X, p) containing at least one member Y,, which is not separated 
from any of the remaining Y,, then 


Y=UY 
a 


is also a connected set. 


Proof. Suppose, if possible, that Y is disconnected; let Y = AUB 
be a disconnection. Then Y,, Ξ AUB so, by Theorem 6.2.2, 
Y,, Ξ Aor Y;, Ξ B; suppose the former. Also, for any 4(# 4p) in 
A, as we have seen Y,, ὦ Y, is connected and 


Y,,UY,cAUB; 
therefore Y,, ὦ Y, & A (since Y,, ὦ Y, Ξ B is impossible). Thus 
J {7 ῳὺ Υ.} ΞΞ A, 
AGA 
that is, Y Ξ A, and B = @. This gives the required contradiction. 
The following are important special cases of the last result. 


COROLLARY 6.2.1. If {¥,:2€ A} is a family of connected subsets of 
(X, p) such that 


() Y,= ©, 
AcA 
then Y= δ᾽ γ, 


is also a connected subset. 


COROLLARY 6.2.2. If (A,) is @ sequence of connected subsets of 
(X, p) such that A, A A,+, # OD for n = 1, 2, ..., then 


i oo 
ι Α [ΠῚ ι Α, 
j=1 f=1 
are also connected subsets. 


We can deduce the following result from Theorem 6.2.3. 


THEOREM 6.2.4. Let Y be a connected subset of (X, p). If Z is any 
subset of X such that Y © Z © Y, then Z is also a connected subset of 


(X, p). 
Proof. We may write Z as 
τ = ( VO} 
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for each yin Z— Y, Yis not separated from {y} (since each such y is 
a limit point of Y) and so, by Theorem 6.2.3, Z is connected. 


EXERCISES 6.2 

1. In a metric space (X, p) prove that 
(i) if A, B are separated, and A’ c A, B' © B then A’, B’ are 

separated; 

(li) if A, B are separated and A, C are separated then 4, BUC 
are separated; 

(iii) if A, B are both closed (or both open) then A—B, B—A are 
separated. 


2. Let A, B be non-empty subsets of (X, p). If p(A, B) > 0 prove 
that A, B are separated. Show that the converse is false. 


3. Establish Theorem 6.2.4 by the following contradiction argument. 

Suppose Z = A u Bis a disconnection of Z; then either ¥ ¢ 4 
or γε B. Show that the former implies B = @ and the latter 
implies A = @, 


4. Show that any space (X, p) is connected if and only if, for every 
pair of points of X, there exists a connected subspace of (X, p) which 
contains both. 


6.3 The connected sets of the real line 
A subset J of R is called an interval if and only if it is a set of one 
of the following forms 


(4,5), [a,5), (α, 8], [α, δ], 
(- Oo, b), (— ©, δ], (α, 00), [α, 00), (-- ὦ, 00), 
where a, be R (and a < 5); it is easily seen, using the least upper 
bound axiom, that this is equivalent to saying that J is an interval if 
and only if whenever x, z¢J and x < y < z, then γε], 
As we should expect, the connected subsets of the real line are 
precisely the intervals. 


THEOREM 6.3.1. 4 non-empty subset of (R, d) is connected if and 
only if it is an interval. 
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Proof. Assume, first, that Y is a connected subset of (R, qd) and 
suppose, if possible, that Y is not an interval. Then there exist real 
numbers x, y, z such that x < y < z, x,ze Y, but y¢ Y. Let 


A=Yon(-%,y), B= YO(y, οὐ). 


Then, using Theorem 2.8.2, it follows that A, B are both open 
relative to (Y,dy). Furthermore, A, B are non-empty and 
Y = AUB. Hence (¥, dy) is disconnected, which gives a contra- 
iction. Thus Y is an interval. 
a ito conversely, that Y is an interval (which may be the 
whole of R). Suppose, if possible, that (Y, dy) is disconnected, and 
let ¥ = ὦ Bbea disconnection; we shall use the bisection method 
to obtain a contradiction. Take arbitrary points a, in A, δὶ in B and 
suppose that a, < δι. Bisect the interval (a,, b,); then the midpoint 
belongs to Y, and so belongs to one and only one of the sets A, B. 
Therefore, exactly one of the half-intervals will have its left end-point 
in A and its right end-point in B. Call this interval (a2, b3) ; bisect it 
and proceed as before. Thus we may define, by induction, two 
monotonic sequences (a,), (b,) which, by the usual argumentf, 
converge to a common limit ¢, say. Clearly ἐ ε Y; since A, B are 
closed relative to (Y, dy), € belongs to them both. This gives the 
i ntradiction. 

" . 6.3.1 implies, of course, that the real line, with Euclidean 
metric, is connected. 


EXERCISES 6.3 . 
1. By the following argument show that (R”, d), where m > 2, is 
" ieee if possible, there exists a proper subset Y of R" which 
is open and closed. Let x ec Yand γε R™— Υ; let 1, be the (infinite) 
straight line through x, y. Show that L ὦ Y is both open and closed 
in (LZ, d,). Hence obtain a contradiction. | es. 

With the aid of the example in §3.4 deduce that the metric spaces 
defined in §2.2(iii), (iv) are also connected. 


2. Let (ΖΦ), p) be the metric space defined in §2.2(viii). 
Let xe @(I) and define [x] = {Ax:-—1<14< 1}, so [x] is a 


+ See, for example, the proof of Proposition 5.3.1. 
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subset of @(J). Show that [x], with supremum metric, is homeo- 
morphic to [—1, 1] with Euclidean metric. Writing 


eO= U oh 


deduce that (¢(J), p) is connected, 
Modify this argument to show that the metric spaces defined in 
§2.2(vi), (vii), (ix), (x) are all connected. 


6.4 The generalization of the intermediate value theorem 
The following is an important result of real variable theory. 


PROPOSITION 6.4.1 (The intermediate value theorem). If/: [a,b] +R 
is continuous over ἴα, δ], then for any y such that Τα) - y< f(b) 
there exists c in [α, 8] such that J(c) = y. 


More generally if J is any interval of the real line, if f:J > R is 
continuous, if h, ke f(J) and h < y < k, then there exists cin] 
such that 702) = y; thus f maps an interval into an interval. 

This is generalized to arbitrary metric spaces as follows. 


THEOREM 6.4.1. Let (X, p), (Χ', p’) be two metric spaces and Y be 
a connected subset of (X, p); if f is a continuous mapping of (Y, py) 
into (X", ρ΄) then f{(Y) is a connected subset of (X", p’). 


Proof. Let Y' = f(Y). Suppose, if possible, that Y’ is a discon- 
nected subset of (X’, ρ΄). Then there exists a proper subset, A’ say, 
of Y’ which is simultaneously open and closed in (Y¥’, py). Since 
ΤΕΣ, py) > (Σ΄, py) is continuous it follows from Theorem 3.2.1 
that f~*(A’) is simultaneously open and closed in (¥, py). Moreover 
since fmaps Y onto 707) it follows that f~ ‘(A’) is a proper subset of 
Y; hence (Y, py) is disconnected, which gives the required contra- 
diction. 


This result is summarized by saying that ‘a continuous function 
maps a connected set into a connected set’. It implies, of course, 
Theorem 6.1.2. Note however that a continuous function does not 
necessarily map a disconnected set into a disconnected set. 

As an application of the above result we derive another charac- 
terization of connectedness. For the remainder of this section let 
Xo = {0, 1} and let pg denote the standard discrete metric on Xo: 
we shall call (Xq, on) the discrete two-point metric space. 


§ 6.4 CONNECTEDNESS 141 


THEOREM 6.4.2. Let (X, p) be a metric space. Then the following 
statements are equivalent: 

(i) (X, p) is disconnected; 

(ii) there exists a continuous mapping f of (X, p) onto (Xo; Po)- 


Proof. Assume (i); let X = A ὦ B be a disconnection of (X, p). 
Define a mapping /: X -- Χο by 


0 χε A, 
fs) =| 


1 ifxeB; 


this is a mapping of X onto Xp. | , ᾿ 
ἀπε τον ἴο πον that ΓΙ (Χ', p) > (Xo, Po) is asm Since 
(Χο, Po) is a discrete metric space, every subset in it is open ; tk ae - 
precisely four subsets, namely ©, X, {0}, {1}. But f ὸ itd ge “4 
{7 (Xo) = X, and @, X are open in (X, p); furthermore | iia (ὦ He : 
f~*(i}) = B and A, B are both open in (X, p) since AU > 
disconnection of (X, p). Hence fis continuous, and thus (1i) is site 
Assume (ii) and suppose, if possible, that (xX, p) is a 
Then by Theorem 6.4.1 (Xo, po) is connected, which is impossible, 
i) is proved. 
μ“" seenth may be reformulated as follows. 


CorOLLary 6.4.1. Let (X, p) be a metric space. Then the following 
statements are equivalent: 

(i) (X, p) is connected; | | 

(ii) the only continuous mappings of (X, p) into (Xo, Po) ty the 
constant mappings, (that is, the mappings f, g defined by ἢ (x) = 1 for 
all x in X, g(x) = 0 for all x in X). 


EXERCISES 6.4 | 
1. Show, by means of the following outline, that the metric spaces 
(X, p), (X, p’) defined in Exercise 2.2.2 are connected if and only if 
the spaces (X;, p;), i = 1, sth m are εὐ tale 

For the ‘only if’ part use Exercise 5.2.6. Lae | 

For the ‘if? part, first assume that m = 2. Let x, € X,, x2 € X2; 
show that X, x {x2}, {x,}x X, are connected subsets of (X, p) so 
that 

(X, x {x2}) υ x} x X2) 


142 METRIC SPACES § 6.5 


is connected. Take the union over all x, in X, to show that (X, p) is 
connected. Use induction to obtain the conclusion for any m. 


2. In the notation of Exercise 6.1.6 show that, if F(X) is a connected 
subset of (R*, 4), then /(X) is an interval. [In order that F(X) be 
connected it is not necessary for f to be continuous—see the example 
given immediately after the proof of Theorem 6.5.1.] 


3. Let (X, p) be a connected metric space containing more than one 
point. Let ae X; by considering the function F(X, p) > (R, d) 
defined by f(x) = p(a, x) for all x in Y, prove that Y must be 
uncountably infinite. 


4. Let J = [0,1] and let the function 7: (1, 4) > (I, d) be con- 
tinuous. By means of the following contradiction argument show 
that there exists x in J such that f(x) = x. 

Let A = {x:x < f(x)}, B = {x:x > f(x)}; show that A,B are 
open subsets of (1, 4). Assume that /(0) > 0, 71) < 1 (for otherwise 
the result is immediate); if there is no x such that I(x) = x show 
that A ὦ B is a disconnection of (J, d). 


5. By using Theorem 6.4.2 and a contradiction argument prove that 
a metric space (X,p) is connected if every continuous function 
ΠΑΙ͂, p) > (R, d) has the intermediate value property; that is, if 
»., ¥2 €f(X) and y is any real number between )}ι and y, then there 
exists x in X such that f(x) = y. [Observe that the result of this 
exercise is a converse to the result of Theorem 6.4.1.] 


6.5 Pathwise connectedness 
In $6.1 we defined the concept of connectedness; this definition was 
motivated by the idea that a space is connected if it is ‘all of one 
piece’. Another starting point would be to regarda space (X,p) ascon- 
nected if every pair of points in ¥Y could be joined by a continuous 
path lying entirely in X. In the present section we formalize this idea 
and call such spaces pathwise connected; we then show how this 
concept is related to that concept of connectedness already defined. 


DEFINITION 6.5.1. Let (X, p) be a metric space and let the function 
F:([0, 1], 4) + (X, p) be continuous; the range of J, that is, the set 
F((0, 11), is called a path from f(0) to S() in (X, p). 

In this definition [0, 1] may, of course, be replaced by any closed 
bounded interval [a, δ]. 
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INI 6.5.2. A metric space (X, p) is said to be pathwise 
Pires gi every pair of points x, yin X, there exists a path = 
x to y lying entirely in (X, p). A non-empty subset Y of (X, p) is sal 
to be pathwise connected if (Y, py) is pathwise connected. er 

The term arcwise connected is used by some authors instead 0 
pathwise connected, but by others it is used in a slightly different 
“it. a b,c are three points in a metric space (X, p) and ᾿ g are 
mappings of ({0, 1], 4) into (X, ρ) whose ranges are paths tom a 
to ὃ and from b to c respectively, then clearly there exists ap 
h of (0, 1], 4) into (X, p) whose range is ἃ path from a ok c, an 
which path contains b. This fact will be used in the proof of Theorem 
6.5.2. 


THEOREM 6.5.1. A pathwise connected metric space is connected. 
| i nectec ic 8 d let 
’ Let (X, p) be a pathwise connected metric space and 
». po Shei ie oie y in X there exists a continuous function 
f,:({0, 1], 4) + (X, p) such that f,(0) = x, f,) = γ. Since [0, 1] is 
connected, so also is f,([0, 1]); moreover 


xe () £,((0, 1) (6.5.1) 
γε 


so the right side of (6.5.1) is not empty. Hence by Corollary 6.2.1 it 
follows that 


U £,(10, 1) 
yex 
is connected in (X, p); that is (X, p) is connected. 


However a connected space is not necessarily pathwise connected ; 
this is shown by the following example. 


In (R?, 4) let 
A = {(x,0):-1 <x <0}, B= ((, 58 χ 0 < x< 1}. 
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The sets A, B are both connected (the latter since it is the image 
under a continuous function of (0, 1]). Moreover every point (0, y) 
where —1 <y <1 is a limit point of B so that An ἢ = {(0, 0)}; 
hence A, B are not separated, so A ὦ Bis connected. 

However A u B is not pathwise connected; this fact, although 
intuitively reasonable, is somewhat tricky to prove. We use a contra- 
diction argument. 

Thus suppose, if possible, that there exists a continuous func- 
tion f which maps ([0, I], 4) into (A ὦ B, p) and F(0) = (0, 0), 
FQ) = (1, sin 1). Let f(t) = (x(1), y(t) for all tin [0, 1], so that 


0 if —1< x(t) < 0, 
sin {x()}"* if 0 < x(t) « 1. 

Let fo be the largest root in [0, 1] of x(t) = 0; why does such a to 
exist? Then fo < 1 since x(1) = 1. By the continuity of x it follows 
that x(t) > 0 over (fo, 1]. Using the continuity of y at to, and the 
fact that (fo) = 0 it follows that there exists 6 > 0 (and such that 
fo+d <1) for which |y(t)| <1 for all ¢ in (t, t9+6), Since 
x(f9 +06) > 0 there exists a positive integer ἡ such that 


X(fo +0) > > x(to) 


] 
(2n+4)zx 
so, by the intermediate value theorem, there exists ty In (fo, [0 +) 
for which 

] 
, i _ τπτττσστν...... ; 
but then y(t,;) = 1 which gives a contradiction. 
Although a connected set is not necessarily pathwise connected, 
we do have the following result for open sets of Euclidean space. 


THEOREM 6.5.2. Jn (R™, d) any open set X is connected if and only 
if it is pathwise connected. 


Proof. By the previous theorem, if ¥ is pathwise connected then 
it is connected. 

Now suppose that X is an open connected set in (R™, 6). Fix xin 
*X and let A be the set of all ain X such that there exists a path from 
x to a lying in X; clearly xe A so A # @. Let B = X~—4A; then 
ANB= QO and X = AUB. It will be shown that A, B are both 
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open; from this it follows ae B = @, for otherwise ¥ = AUB 
lc disconnection of X. 

yes ef join x to a by a path P lying in X. Since x is open there 
exists ὃ > 0 such that δία, 6) ΞΞ X; but since every y in S(a, δ) se 
be joined to a by a straight line in X, y can be joined to x by a pat 
in X. Thus ye A so δία, δ) c A, and therefore A is open. Next 
let be B; then there exists 6 > 0 such that δι, δ) Ξ X. No oe 
of S(b, δ) can be joined to x by a path lying entirely in X, for other- 
wise it would be possible to join b and x by a path in x. . Hence every 
point of S(b, 5) is in B, that is S(b, 6) S B, so B is open. This 
concludes the proof, 


The essential feature of (R”, d) that is necessary for the proof of 
Theorem 6.5.2 is that any open sphere of ἈΠ is pathwise connected. 
Abstraction of this idea leads us to a generalization of the result of 
Theorem 6.5.2 to any connected metric space (X, p) having the 
property that for every point x in X there exists an arbitrarily oo 
neighbourhood of x which is pathwise connected (any space νὴ 
this property is said to be /ocally pathwise connected). For further 
discussion of this the reader is referred to Gleason (1966), Ρ. 284. | 

Finally we record the following result, the proof of which is left 
to the reader. 


THEOREM 6.5.3. Jf (X, p), (Χ΄, p’) are homeomorphic then (x, p) is 
pathwise connected if and only if (X', ρ΄) is pathwise connected. 


EXERCISES 6.5 
1. Show that the image of a pathwise connected set under a con- 
tinuous function is itself pathwise connected. 
2. If (Υ,:} ΕΛ} is a collection of pathwise connected subsets of 
(X, p) such that 


() Y, 7 Ω, 
AeA 
then prove that 
Υ̓ = ) Y, 
AEA 


is also a pathwise connected subset. [This result is an analogue for 
pathwise connectedness of Corollary 6.2.1.] 


146 METRIC SPACES § 6.6 


3. By means of the following steps give an alternative proof of 
Theorem 6.5.1. 

Let (X, p) be a pathwise connected metric space and suppose, if 
possible, that there is a disconnection ¥ = 4 ὦ B of (X, p). Let 
ae A, be B and let /:([0, 1], 4) > (X, p) be continuous and such 
that the range of fis a path from a to b, Show that f~*(4), f~*(B) 
are both non-empty subsets of [0, 1]. Hence obtain a contradiction. 


4. By means of the following steps give an alternative proof of 
Theorem 6.5.2. 

Express the open set X as the union of a collection of open spheres. 
Let a, δὲ X; using Exercise 6.1.5 show that there exists a path from 
ato b. 


6.6 The components of a disconnected space 

Although a metric space may not be connected, it can be split up 
into disjoint sets each of which is connected. How this is done is 
now described, 

Let (X, p) be a metric space and x ε X. Denote by C(x) the union 
of all connected subsets of (X, p) which contain x; thus C(x) con- 
tains all connected subsets which contain x. Moreover, by Corollary 
6.2.1, C(x) is a connected subset of (X, p). 


DEFINITION 6.6.1. The set C(x) so defined is called the connected 
component (or component) of x in (X, p). 

If ye C(x), then C(y) ἡ C(x) # @ so, by §6.2, C(y) ὦ C(x) is a 
connected subset containing x; hence C(y)U C(x) = C(x), so 
(Ὁ) S C(x). Also since ye C(x), it follows that C(x) < C(y); 
therefore C(x) = C(y). In a similar fashion if y ¢ C(x), it follows 
that C(x) mn ΟἹ = τ. 

We define an equivalence relation in X, to be denoted by ~, such 
that x ~ yif and only if C(x) = C(y). The components of (X, p) are 
precisely the equivalence classes of this equivalence relation. 


THEOREM 6.6.1. Let (X, p) be a metric space. Then 
(i) each point x of X belongs to exactly one component: 


(11) each connected subset of (X, p) is contained in exactly one 
component of (X, p); 


(ili) each connected subset (X, p) which is open and closed in (X, p) 
is a component of (X, p); 
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(iv) each component of (X, p) is closed. 

Proof. (i) and (ii) follow immediately from the comments preceding 
the statements of the theorem. [ 

For (iii), let A be a connected subset which is open and closed in 
(X, p). Let χε A, so A ες C(x); then (by Theorem 2.8.1) A is also 
open and closed in (C(x), ρρω)- Hence A = C(x). 

For (iv), use Theorem 6.2.4. 

Note that the components of (X, p) are not necessarily open. For 
let 


X= Mv U {1/n}}, 


and let p be the Euclidean metric; then {0} is a component of (X, p) 
but is not open in (X, p). 

If, however, it is assumed that (X, p) is locally connected, that is, 
for every x in X there exists an arbitrarily small neighbourhood of x 
which is connected, then every component of (X, p) is open. 

If a metric space has the property that its components are all its 
distinct points, then it is said to be totally disconnected. 

For further discussion of these last two comments see, for example, 
Dieudonné (1960), §3.19, Simmons (1963), §§33, 34, or Gleason 
(1966), pp. 282-3. 


EXERCISES 6.6 
1. Show that any pair of distinct components are separated. 


2. Let (X, p) be a compact metric space; if the components of (X, p) 
are all open, show that there are at most a finite number of com- 
ponents. 


3. If (Δ΄, p) has only a finite number of components, then prove that 
each component is both open and closed. 


4. Let Y be a component of (X’, p’) and f:(X, p) > (X’, p’) be 
continuous; prove that f~'( ¥) is the union of components of (X, p). 
Give an example to show that f~ *( Y) is not necessarily a component 
of (X, p). 

5. Let Y be an open subset of (R”, d); show that every component 
of (Y, d) is an open subset of (R”, d). 


7: FURTHER TOPICS 


A, EXTENSION THEOREMS 
7.1 Introduction; limits 
Let X, Χ' be non-empty sets and Yc YX; let f: Y > X’ be a given 
function and let F: ¥ + Χ' be a function such that 70) = ΡΟ) for 
all yin Y. Then F is called an extension of f. It is trivial that an 
extension F of f always exists; for example let F be defined by 


| I(x) ifxe Y 
ἜΗΝ χὰ ἩΧΩ͂Υ͂ 


where xo is any element of X’. The problem of finding an extension 
F becomes non-trivial if we require that F should have certain 
properties. For example if X, X’ have appropriate structure we might 
require that F be bounded, or continuous, or differentiable, etc. In 
particular we often require that F should have some property also 
possessed by /. Thus if f is continuous we might ask whether there 
exists a continuous extension F of f. Another extension problem is 
that of analytic continuation; in this context analytic extensions are 
sought of functions f: ¥(c C) > C which are analytic. 

Throughout this chapter, unless the contrary is stated, it should be 
assumed that the Euclidean metric is associated with R. 

First we start with some preliminary results. These were contained 
in Exercise 3.1.4; for completeness they are repeated here. 


LEMMA 7.1.1. Let (X, p), (X’, ρ΄) be two metric spaces and f, ¢ be 
!wo continuous mappings of (X, p) into (Χ', p’). 

(1) If f(x) = g(x) for all x in A, then f(x) = g(x) for all x in A: 
thus if B = {x: f(x) = g(x)}, then B is closed. 

(1) If X’ = R, ρ΄ is the Euclidean metric and C = {x:f(x) > g(x)}, 
then C is closed. 

Thus if it is known that f(x) = g(x) on a set which is everywhere 
dense in (X, p), then it follows that f(x) = g(x) everywhere so f=g. 

148 


§ 7.1 FURTHER TOPICS 149 


This fact is of considerable use, for example, in solving functional 
equations such as 


f(x+y) = f(x)+f/), x, yeER (7.1.1) 
f(x+y) = 7). f/0), x yER (7.1.2) 
S(x.y) =f(x)+f0), x, yeR* (7.1.3) 


where f:R > R (or 7: Α΄ - R in (7.1.3)) is continuous, and R* is the 
set of all positive reals. It can be shown (see Exercise 7.1.1} that the 
solution of (7.1.1) is of the form f(x) = cx for all rational x, so is of 
this form for all real x. Likewise it can be shown that the solution 
of (7.1.2) is either of the form /(x) = 0 or of the form f(x) = αὐ 
(where a > 0) for all rational x, so is of this form for all real x. 

For (7.1.3) it can be shown that /(x) = 0 or f(e*) = x/(e) for all 
rational x, and hence for all real x; thus f(x) = 0 or f(x) = log, x 
(where a > 0) for all real x > 0. 

When studying functions on the real line, it is customary to 
introduce the idea of a limit of a function as the independent variable 
tends to some fixed real number; this idea is easily generalized to any 
metric space. 

DEFINITION 7.1.1. Let (X, p), (X’, ρ΄) be two metric spaces and 
Y c X; let f be a function of (Y, py) into (X’, ρ΄). Let x be a limit 
point of Y and x’ ε X’. If, given any e > 0, there exists 6 > 0 such 
that 

p'({(y), x') < ε forall yin Ysuch that0 < p(y,x) <6, (7.1.4) 


i 


we say that 710} fends to x’ as y tends to x in Y, and write f(y) > x 
as y—> xin Yor 


lim f(y) =x’. 


yox, yeY 
We make some remarks concerning this definition. 
(i) We may omit reference to the set Y if no confusion can arise, 
(ii) The limit described in the definition is unique. 
(iii) The requirement (7.1.4) is equivalent to 
ΓΚ (SG, δ)--ἰΧ}) S δ΄ α΄", 8), 
ΟΓ ¥ A (S(x, δ)-- (Ὁ) Ξ. δ΄ Ὁ’, 8), 
where δ΄ denotes a sphere in (X’, p’). 
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(iv) The existence and value of a limit of 70.) as y> x in Y is 
independent of the value of f at x, even if fis defined there—which 
is not necessary for the limit to exist. 


(v) The purpose of requiring that x be a limit point of Y is to 
ensure that, for any ὃ > 0, 
¥ (S(x, 6)—{x}) 4 @. 
If x is not a limit point of Y, there exists 5) > Ὁ such that 


Υ A (S(x, 59)—{x}) = ὦ 
and hence, given any 8 > Ὁ and any x’ in X’, 
(YO (Sx, 5o)— {x})) Ξ S'(x’, 8), 
so f(y) > x’; such a situation is therefore excluded by our definition. 
(vi) If the function fis continuous over Υ then, for any limit point 
x of Y, f(y) tends to the limit f(x) as y tends to x. 
We state a result, the proof of which is left as an exercise. 


LEMMA 7.1.2. In the notation of Definition 7.1.1, if 70) > x’ as 
y—>xinY, then x' € f(Y). 


EXERCISES 7.1 
1. The mapping /:R -- R satisfies the functional relation 


ΛΈ) = f)+f/0) 
for all x, y in R. Show that f(Ax) = Af(x), for any x in R, 
(i) when A = 0, 1, 2, ... 
(ii) when A is any integer, and lastly 
(iii) when A is any rational. 
If f is also assumed to be continuous deduce that / (x) = ex for 
all x in R for some real constant 6, 
2. In the notation of Definition 7.1.1 show that the following state- 
ments are equivalent: 
(i) f(y) tends to x’ as y tends to xin Y; 
_ (ii) the function g:(Z, pz) > (X’, ρ΄) is continuous at x, where 
“Ὁ Yu {x} and g is defined by g(y) = f(y) if γε Y—{x} and 
x) = x’: 
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(iii) for every sequence (x,) in Y—{x} which converges to x, the 
sequence (f(x,)) converges to x’. 


3. Let CX, p), (X’, p’), (X", p”) be metric spaces, Y © Y and x bea 
limit point of Y. If f:(¥, py) > (Χ΄, p’) and g:(X’, p’) > (X’, p’) 
are functions such that f(y) tends to a limit x’ (in Χ as y tends to x 
in Y, and g is continuous at x’, then show that g(/(y)) tends to g(x’) 
as y tends to x in Y. 

Give an example to show that the requirement that g is continuous 
at x’ cannot be replaced by the weaker one that g(y’) tends to a limit 
as y’ tends to x’ in X’. 


7.2 Two extension theorems 


We now establish our first result concerning the extension of con- 
tinuous functions. 


THEOREM 7.2.1. Let (X, p), (X’, ρ΄ be two metric spaces and Y be 
everywhere dense in (X, p); let f:(Y, py) ~ (X’, ρ΄) be continuous. 
Then there exists a continuous extension F:(X, p) > (X’, ρ΄) of f if 
and only if for each x in X— Y the limit 

lim 9.0) (7.2.1) 


yox, yey 
exists. If such a continuous extension exists, then it is unique. 


Proof. First assume that there exists a continuous function 
F:(X, p) -- (Χ'΄, ρ΄) such that F(x) = f(x) for all x in Y. Then by 
the continuity of F, the limit 

lim F(y) 
yox, ΕἾ 
exists and so (7.2.1) exists. 

Conversely assume that the limit (7.2.1) exists and define a function 
F:(X, p) > (X’, p’) by F(x) = f(x) if xe Y, and 

F(x) = lim 700) 
yor, yer 
if x € Y; thus F is an extension of f. It remains to show that F is 
continuous over X. 

Let x, € X and let 8 > 0 be given. If ye Y then F(y) = f(y), so 

by the definition of F, there exists 6 > 0 such that 


I(YO S(Xo, δ)) S S'(F(X), 48); 
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where δ΄ denotes a sphere in (X’, p’). Now let x ε (Χ -- Y) A S(xo, 5); 
then x is a limit point of ¥ ὧν S(xp, δ). Hence by Lemma 7.1.2 


F(x) € S'(F(xo), 36) S 5 (F(X), ε). 


ι Therefore given δὴν 8.» 0 there exists 6>0 such that 
CAD F(Xo)) < efor all x such that p(x, x9) < ὃ, so Fis continuous 
at Xo. τὰ 

By the comment following Lemma 7.1.1 it follows that F must be 
unique. ᾿ 


The second result concerns the extension of uniformly continuous 
functions. 


THEOREM 7.2.2. Let (X, p), (Χ', ρ΄) be two metric spaces, Y be 
everywhere dense in (X, p) and (X', ρ΄) be complete: let the Junction 
ΚΕΥ͂, Py) — (Δ΄, p’) be uniformly continuous. Then there exists an 
pty F(X, p) > (Χ', p’) of f which is uniformly continuous over 


Proof. First it is shown that the hypotheses ensure that the limit 
lim f(y) (7.2.2) 


yox, yey 
exists for any x in X— Υ Now the limit (7.2.2) exists, and is equal to 
A : if and md : φᾷ x (as n + 00) always implies that 71..,) > x’ 
ere y, Ε Y—{x} for each n (see Exercise 7.1.2 
et al ( ercise 7.1.2). Of course, since 

Let (y,,) be a sequence in Y such that y, — x; then (y,) is a funda- 
mental sequence. Since f is uniformly continuous, it easily follows 
(see, for example, Exercise 4.1.5) that (/(y,)) is a fundamental 
sequence in (X", p’); but (X’, p’) is complete so there exists x’ in X’ 
such that Sn) — x’ asn -» οὐ. Moreover if (z,) is a second sequence 
in Y which converges to x then it is easily seen that /(z,) > x’. 
Therefore (7.2.2) exists and so there exists a continuous extension 
F (x, p) — (X’, ρ΄) of f. It remains to show that F is uniformly 
continuous. 

Given any & > Ὁ there exists 6 > 0 for which p’(/(x), f(y)) < ¢ 
for all x, y in Y such that p(x, y) < 36. Let p,g in X be such that 
p(p,q) < ὃ. Then there exist infinite sequences (x,), (y,) in Y¥ such 
that x, — Ρ, », πλῷ as ἢ -ὸ co; hence there exists N such that 
P(P; Xn) < ὃ, ρίᾳ, Yn) < ὃ for all n > N, and so p(x,, y,) < 36 for 
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all n > N. Thus p'(f(x,)./0)) < ε, that is, ρ΄ Εἰ), ΕΟ) < # for 
all n > N. Since F is continuous, using Lemma 2.3.1, on letting 
n — © it follows that p’(F(p), F(q)) « δ. Since f is uniformly con- 
tinuous over Y, the original ὃ may be assumed to be independent of 
x, yin Y, so Fis uniformly continuous over X. 


Of course Theorem 7.2.1 tells us that for any continuous function 
f defined on a subset Y of a metric space (X, p) there is a continuous 
extension of fto ¥ provided f(y) tends to a limit as y > x (in Y) for 
all x in Y— ¥: a similar comment applies to Theorem 7.2.2. 


EXERCISES 7.2 
1. Show that the function f:((0, 1], 4) > ({-1, 1], 4) defined by 
f(x) = sin x7! cannot be extended continuously to [0, 1]. 


1. In the notation of Theorem 7.2.2 let X = R, X’ = Q and p, p’ 
be the relevant Euclidean metrics; also let Y = Q. Show that the 
function f:(Y, py) > (Χ΄, p’) defined by f(x) = x for all x in Y is 
continuous but that it possesses no extension continuous over X. 
[Thus the requirement in Theorem 7.2.2 that (%", ρ΄) be complete 
cannot be omitted.] 


7.3 The Tietze extension theorem 

In this section we establish an important extension result known as 
the Tietze theorem. In the previous section our extensions were from 
sets to their closures: in the Tietze theorem the extension is of a real- 
valued continuous function defined on a closed proper subset of 
(X, p) to the whole of X, First a preliminary result is established. 


LEMMA 7.3.1. Let (X, p) be a metric space and Y be a non-empty 
closed subset of (X, p); let f:(Y, py)  (R, 4) be a bounded continuous 
function for which there exists M > 0 such that 


inf f(x) = —M, sup f(x) = M. (7.3.1) 
xeY xeYy 


Then there exists a continuous function g:(X, p) > (R, 4) such that 
\g(x)| < 4M for all x and 


|\2(x)| <4MonX-Y, f(x) —2(x)| < 4M on Y. 
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Proof. Let 


A= (το) <-4M}, B= {x:f(x) > 4m}: 


then the sets A, Bare non-empty, disjoint and, by (ii) of Lemma 7.1.1, 
closed in (Y, py). Since Y is closed in (X, p), A, B are closed in 
(X, p); why? Define g:(X, p) — (R, 4) by 


p(x, A)— p(x, B) 
p(x, A) + p(x, B)’ 
Then, by Lemma 3.5.1, g is continuous. 

Clearly |g(x)| <4M for all x in ¥. Moreover χε χι. ῦ implies 
that x ¢ A and x ¢ B, so |g(x)| < 4M. Lastly suppose that χε Y. If 
x € A then g(x) = -4M, -- Μ « f(x) < —4M so |/(x)—g9(x)| < 4m; 
similarly for xe B. If xe Y-(A ὦ 8) then le(x)| < ΞΜ, 
|f(x)| < 4M so [f()—g(x)| < 3M. 


g(x) = 4M 


THEOREM 7.3.1 (The Tietze extension theorem). Let (X, p) be a 
metric space and Y be a non-empty closed subset of (X, p); let 
ΤΕΥ, py) > (RB, d) be continuous. Then there exists a continuous 
extension F:(X, p) - (R, d) of f. 

Moreover if f is bounded, say 


m = inf f(x), Μ = sup f(x), 
xey ΧΕΥ 


then, provided m< Μ, there exists a continuous extension 
F:(X, p) > (R, d) such that m < F(x) < M on X-Y. 


Proof. First it is assumed that 7 is bounded; without loss of 
generality we can suppose that m = — M (for otherwise a constant 
can be added to / to achieve this). 

We define a sequence (¢,) of continuous functions 8n:(X,p) > (R, d) 
as follows. Write f/, in place of 7; by Lemma 7.3.1 there exists a 
continuous function g,:(X, p) — (R, d) such that 1g:(x)| <4M for 
all x and 


\g1(x)| < ἐμ on X-Y, \fi(%)—g1(x)| < 3M on Y. 


Let f2:(Y, py) + (R,d) be defined by f,(x) = 7,(.Χ] -- σι (ΑἹ; then 
there exists a continuous function 22:(X, p) > (R, d) such that 
|g2(x)| <4(4M) for all x and 


lg2(x)| < 44M) on X-Y, |f,(x)-g,(x)| <@2M on Y. 
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simi d defined by /3(x) = f2(*)—g2(%); 
ae thie fete 53 ἃ. p) — (R, d) such that 
| g3(x)| < 4(3)?M for all x, and | 

|g3(x)| < 4(4)°M on X— ¥, If 3(x)—23(x)| - (Φ Μ on Κ. 
Proceeding in this way it follows that for each positive integer n 
there exists a function g,:(X, p) > (R, 4) such that 


g,(x)| < 4(3)""'M for all x, (7.3.2) 
|g,(x)| « $(4)""*M on X—Y, (7.3.3) 
and | f(x) —g,(x)| < )"M on Y, 
where 
Sf, =Sp-1—-Bn-1 = Sa-2—Gn-2 FB) = es = SC 1 Ἐ...Ἐ8.-) 
$0 | fe)- Σ g:(x)| <(@)"M on Y. (7.3.4) 


Observe that, as πὶ increases, g, +... +g, becomes a closer and its 
approximation to f on Y, and that g,+...+, Is a continu 
function defined on the whole of X. 

Define F:(X, p) > (R, 4) by 


F(x) = Σ 82) (7.3.5) 


j= 
for all x in X. By (7.3.2) and the Weierstrass M-test, the series (7.3.5) 
is uniformly convergent over X; but each g; 1s continuous so F is 


ntinuous. yre 
ν᾿ - n -- oo in (7.3.4) it follows that F(x) = f(x) on ¥. More- 


over, from (7.3.3) for all x in X¥— Y 


oo ao 21" 
F@)| < Σ |e) < MY Gr = Ms 


d so |F(x)| < M on X—Y. 
eee te that fis not bounded over Y. Let h be any homeo- 
morphism of R onto the open interval (—1, 1); for example let A be 
defined by 


2 -1 
h(x) = | =) tan~* x 


for all x in R. Then the function Af is continuous and bounded 


". 
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over X; hence there exists a continuous extension H:(X,p)-—(R,d) 
of h. Define F:(X, p) > (R, d) by F = f=! o H; then Fis continuous 
over X and F(x) = f(x) on Y. This completes the proof. 


In conclusion we make some remarks about Tietze’s theorem. 

Firstly note that if ¥Y c Χ then Fis not unique; in fact there then 
exists an infinite number of extensions (see Exercise 7.3.1). Secondly 
the assumption that Y is a closed subset of (X, p) is essential: for 
example the function /:((0, 1], d) — (R, d) defined by I(x) = sin(1/x) 
cannot be extended continuously to [0, 1]. 


EXERCISES 7.3 


1. Let ¥ be a proper closed subset of a metric space (X, p) and 
ΚΟΥ͂, py) > (R, d) be continuous. let xEX-Y, Z= Yu {Xa} 
and « be any real number. Show that the function g:(Z, pz) (R, d), 
defined by g(x) = I(x) if x ε Yand g(x) = α, is continuous. Deduce 
that there exist an infinite number of continuous extensions as 
specified in Theorem 7.3.1. 


2. State and prove a generalization of Tietze’s theorem to con- 
tinuous functions /:(Y, Py) > (R™, d). 


3. Let (X, p) be a metric space which is not compact, so there is a 

sequence (x,) of distinct points in ¥ having no cluster point. Let 

Y = {x;:i = 1, 2,...}:; show that the function /:(Y, py) > (R, d) 

defined by /(x,) = i is continuous over Y. Deduce that there exists 

a continuous function F:(X, p) - (R, 4) which is unbounded. 
Show also that the function g:(¥, py) > (R, d) defined by 


g(x) = {-1}΄ 6 --ἰτ ἢ 

is continuous. Deduce that there exists a continuous function 
G:(X, p) > (R, d) which is bounded but does not attain its 
bounds. 

Hence establish the following result. 

Let (X, p) be a metric space: then the following statements are 
equivalent: 

(i) (X, p) is compact: 

(ii) every real-valued continuous function on X is bounded: 


(iit) every bounded real-valued continuous function on ¥ attains 
its bounds. 
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4, Let (Y,) be a sequence of closed sets in a metric space (X, p); let 
Y denote the union of all the sets Y,, and suppose that there exists Xo 
in X— Y. With the aid of Exercise 3.1.2 prove that there exists a 
real-valued continuous function on X such that f(y) > 0 for all yin 


Y and f(x,) = 0. 


B. BAIRE’S CATEGORY THEOREM 


7.4 Nowhere dense sets | 
In §2.10 it was explained that a subset Y of a metric space (x, p) : 
said to be everywhere dense if Y = X, that is, roughly speaking, i 
ΕΥ̓ nearly fills XY out’. We now introduce subsets of the other extreme, 
that is, ones which cover virtually nothing of the space. 


DEFINITION 7.4.1. A subset Y of a metric space CX, p) is said to be 
nowhere dense (in (X, p)) if Y contains no interior points, that is, if 
(Y)° = ὦ. 

We make some remarks. 

(i) The empty set is nowhere dense in every metric space. 

(ii) In any discrete metric space @ is the only subset which is 
nowhere dense; for any non-empty subset Y is both open and closed 
30 


(vy = Y° = Y # @. 


(iii) If Y is nowhere dense in a metric space (X, p) then any subset 
Z of Y is also nowhere dense in CX, p). 

(iv) In a metric space (X, p), for any x in X the set {x} is nomcee 
dense in (X, p) if and only if x is not an isolated pointT of CX, p); 
thus if (X, p) has no isolated points then {x} is nowhere dense for 
een here dense is not the 

he rty of a set being nowhere dens 
ne tan mh eee dense. However we do have the 
following result connecting the two concepts. 


Lema 7.4.1. Jf (X, p) is a metric space and Y < X, then Y is 
nowhere dense if and only if X— ¥ is everywhere dense. 


+ Isolated points were defined in §2.5. 
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Proof. By Lemma 2.11.1 we have 


ων 
so ¥° = @ if and only if X¥- Y = X. 


COROLLARY 7.4.1. If Y is nowhere dense in (X, p), then X—Y is 
everywhere dense in (X, p). The converse is false. 


Proof. The first part follows from Lemma 7.4.land Χ -- Yc ¥-— ¥. 

That the converse is false is shown by the following example. In 
(R, d), R—Q (the set of irrationals) is everywhere dense, but Q = αὶ 
so Q is certainly not nowhere dense. (That R—Q is everywhere dense 
can be shown by an argument similar to that used in §2.10 to show 
that Q is everywhere dense.) 


LEMMA 7.4.2. Let (X, p) be a metric space and ZC YC XZ 
is nowhere dense in (Y, py) then Z is nowhere dense in (X, p). 


Proof. This is left to the reader. 


LEMMA 7.4.3. Let Y be a subset of a metric space (X, p); then the 

following statements are equivalent: 
(i) Y is nowhere dense; 

(ii) ¥ does not contain a non-empty open set; 

(ili) each non-empty open set U contains a non-empty open subset 
V such that Vn YY = @; 

(iv) each non-empty open set U contains a non-empty open subset 
V such that VAY = Q; 

(v) each non-empty open set U contains an open sphere S(x, 8) 
such that S(x,8) V1 Y = @; 


(vi) each non-empty open set U contains an open sphere S(x, 8) 
such that S(x,8) A Y = @. 


Proof. Most of this is trivial. The equivalence of (i) and (ii) follows 
immediately from the definition of a nowhere dense set. 

Assume (i). Then X— Y is everywhere dense; it is open and so 
meets any non-empty open set U in an open set V, say. Thus 
Va Y=@; moreover V # @, for if V= @ then (X-PAU=aq 
and so U «- Y, which contradicts (ii). This establishes (iii). 

Trivially (iii) implies (iv) and (iv) implies (v). 
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Assume (v) so that δία, δ) ὦ Y = @; then S(x, $e) ὦ Y = (ζῦ and 
(vi) is established. 


Assume (vi) and suppose, if possible, that (¥)° # @; let 
S(x, €) S Y where ¢ > 0. Then there exists a sphere S(x’, 6 such 
that S(x’, e’) © δία, δ) and such that S(x’, e’) ὦ Y = @; this gives 
the necessary contradiction, and completes the proof. 


Lemma 7.4.4. The union of a finite number of nowhere dense sets 
is nowhere dense. 


Proof. Let Υ͂,, Y, be nowhere dense in (X, p) and let U be an 
arbitrary non-empty open subset of (X, p). Then by Lemma 7.4.3 
there exists a non-empty open set Μὲ such that V, ¢ U and 
V, τ Y,; = @. Similarly there exists a non-empty open set V2 such 
that V, Ξ V; S Uand Κ᾽} ὦ Y, = ©. Then 


V2N(%¥ ¥2) = (420 ὕω) (») Y2) = DS; 


thus U contains a non-empty open set VV, such that 
V,0(¥;,U Y2) = GB, so Υ, vu Y, is nowhere dense in (X, p). By 
induction the union of any finite number of nowhere dense sets is 
nowhere dense. 


However the union of a countably infinite number of nowhere 
dense sets may, or may not, be nowhere dense. For example, in 


(R, d) the sets | 
UY i} ; A. ix} 


are nowhere dense and not nowhere dense, respectively. 

if Y is nowhere dense in a metric space (X,p), then Y αὶ X; 
thus in view of Lemma 7.4.4 it follows that if Y,, ..., ¥,, are a finite 
number of nowhere dense sets in (X, p), then their union cannot be 
all of X. A question which arises from this is whether or not the 
union of a countably infinite number of nowhere dense sets of 
(X, p) can be all of Δ΄. A partial answer to this 15 the following result 
of Baire, namely that if (X, p) is complete then it certainly cannot 
be expressed as the union of a countable number of nowhere dense 
sets. This result is proved in the next section. 


EXERCISES 7.4 
1. Give an example to show that the converse of Lemma 7.4.2 is 
false. 
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2. If the mapping F(X, p) > (Χ΄, p’) is a homeomorphism, prove 
that a set Yis nowhere dense in (X, p) if and only if ΤΟΥ} is nowhere 
dense in (X’, p’). 


3. In the notation of Exercise 2.2.2, let ¥; ¢ X ; for each i. Show 
that Y; x... Y, is nowhere dense in (X, p), or in (X’, p’), if and 
only if at least one of the sets Y;, is nowhere dense in (Y is Pi) 


4. Let Y be a subset of the Euclidean space (R”, d) such that Y 
possesses only a finite number of limit points; prove that Y is 
nowhere dense. Show that this result does not hold in an arbitrary 
metric space. 


5. Prove Lemma 7.4.4 using the definition of a nowhere dense set 
instead of appealing to Lemma 7.4.3. 


6. Show that the boundary (see §2.11) of a set Y is nowhere dense in 
a metric space if Y is either open or closed. 


7.5 Categories and Baire’s category theorem 

DEFINITION 7.5.1. Let (X, p) be a metricspace and Υ ¢ Y ;then Y 
is said to be a set of the first category, or meagre, in (X, p)ifit can be 
represented as the union of a countable number of nowhere dense 
sets of (X, p); otherwise it is said to be of the second category, or 
non-meagre, in (X, p). 

The terms meagre and non-meagre are to be preferred to the less 
descriptive ones of the first and second category which were originally 
introduced by Baire; however these new terms are not, as yet, In 
general usage. 

We now give some examples. 

(i) In (R, d), the set Q is meagre since every singleton set {4}, 
where g € Q, is nowhere dense. 

(ii) In any discrete metric space the only set which is nowhere 
dense is the empty set, so every non-empty subset of a discrete space 
is non-meagre. 

(iii) In (R*,d) any finite set of points is meagre; the set 
{(x, 0):x € R} is also meagre (in fact it is nowhere dense). 

IfZ « Yc Xina metric space (X, p) and Y is meagre in (X, p), 
then Z must also be meagre in (X, p); on the other hand, if Z is 
non-meagre in (X,p) then Y will be non-meagre in (X, p). The 
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verification of these assertions together with that of the next result 
(which is the extension of Lemma 7.4.2) is left to the reader. 


LEMMA 7.5.1. Let (X, p) be a metric space andZS YC Χ. 


(i) If Z is meagre in (Y, py) then Z is meagre in (X, p). 
(ii) If Z is non-meagre in (X, p) then Z is non-meagre in (Y, py). 


LEMMA 7.5.2. The union of a sequence of meagre sets (in a common 
metric space) is also a meagre Set. 


Proof. Let (Y,) be a sequence of meagre sets; then each Y, can be 
expressed as the union of a countable number of nowhere dense sets ; 
but the union of a countable number of countable sets is also 
countable, so the required result follows. 


We now come to a basic result, namely Baire’s category theorem, 
which asserts that any complete metric space is non-meagre, that 15, 
it is a set of the second category (in itself). The essence of this result 
is contained in the next theorem whose proof depends on Cantor’s 
intersection theorem (see §4.3). 

THEOREM 7.5.1. If (Y,,) is a sequence of nowhere dense sets in a 
complete metric space (X,p), then there exists x in X such that 
x € Y, for all n. 

Proof. By Lemma 7.4.3 there exists an open sphere S(x,, δι). 
where δ, < 1, such that 

S(x1, 8) OY, = Κ. 
Then (5(x,,4¢,))° is a non-empty open set, so contains an open 
sphere S(x2, 82), where 8.) < 4, such that 

S(x2, 82) ΓᾺ Y, = J. 
Similarly (S(x,, 42,))° is a non-empty open set, so contains an open 
sphere S(x3, €3) where 82 < 4, such that 

S(x3, 83) A Y3 = ©. 

Proceeding in this way, that is by induction, we obtain a nested 
sequence (5(x,, 4¢,)) of closed spheres whose radii tend to zero as 


ἢ — oo. Since (X, p) is complete, by Cantor’s intersection theorem 
their intersection contains a unique point x, say; but χε S(x,, 4e,) 


162 METRIC SPACES ἃ 7.5 
and 

δα,» 32.) 0 ¥, = D, 
so χ αὶ Y,, for all n. 


COROLLARY 7.5.1. If (Y,,) is a sequence of nowhere dense sets in a 
complete metric space (X, p) and Z is any non-empty open subset of 
(X, p), then there exists x in Z such that x α Y, for all n. 


Proof. This result follows from the argument used to establish the 
main result with the sole modification that the first sphere S(x,, ει) 
is taken to be a subset of Z; then the point x constructed in the above 
proof must lie in Z. 


Clearly Theorem 7.5.1 may be restated in either of the following 
forms. 


THEOREM 7.5.1‘. Jfa complete metric space is the union of a sequence 
of its subsets, then at least one of these subsets is not nowhere dense. 


THEOREM 7.5.1" (Baire’s category theorem). Any complete metric 
space is of the second category (in itself). 

Corollary 7.5.1 above implies, of course, that any non-empty open 
subset of a complete metric space is a set of the second category. 


THEOREM 7.5.2. If (Y,) is a sequence of everywhere dense open sets 
in a complete metric space (X, p) then 


is everywhere dense. 

Proof. Let Z, = X— Y,,; then Z,, is closed and so is nowhere dense. 
Let S be any open sphere in (X, p); then S τὰ Z, is nowhere dense 
for all m so, by Corollary 7.5.1, 

oo 
U SaZ#S. 
n=1 
Hence Sa (U 2,) # S, 
n=] 


Sa (x- () Z,) αὶ δ, 


n=l 
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Therefore Y is everywhere dense (using the elementary result that a 
set V is everywhere dense in a metric space (X, p) if and only if 
So V # @ for every open sphere S of (X, p)—see Exercise 2.10.1). 


COROLLARY 7.5.2. Let (X,p) be a complete metric space and 
Y < X. If Y is meagre then X—Y is everywhere dense. 


Proof. Let (Z,) be a sequence of nowhere dense sets whose union 
is ¥. Then X—Z, is everywhere dense and open for all ἡ so 


ἢ ἃ-2,, 


oD 
that is, X- UZ, 


n=1 
is everywhere dense; but 


Χχ- () Z,¢ x- VED χοῦ 
n=1 n=1 


so X— Υ is everywhere dense. 


Baire’s category theorem is a powerful result in the study of 
complete metric spaces. In particular it is required in order to prove 
two of the three basic results of that part of functional analysis 
concerned with Banach spaces (the results are the uniform bounded- 
ness theorem and the open mapping theorem); the study of these is 
outside the realm of this text. However we shall illustrate the power 
of Baire’s theorem by proving (in the next section) a result of classical 
analysis, namely that there exist functions /:R > R which are 
continuous at all points of R but differentiable at none. 


We conclude this section with a simple application of Baire’s 
theorem. In this application the metric is d throughout. 

Let f:[0, 1] + R be continuous over [0, 1]; then Κ᾽ possesses an 
integral ἢ (which is both a definite and an indefinite integral) over 
[0, 1] which in turn is differentiable, and hence continuous, over 
[0, 1]. Let f, be any integral of f, and so on. If, for some ἡ in N, 
f,{x) = 0 for all x in [0, 1] then by differentiating n times it follows 
that /(x) = Oforall xin [0, 1]; we now generalize this result. Suppose, 
instead of being given that there exists ἡ in N for which f,(x) = 0 for 
all x in [0, 1], it is given that for each x in [0, 1] there exists x, 
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dependent possibly on x, such that f(x) = Ὁ. Then again it is shown 
that f(x) = 0 for all x in [0, 1], but now it is necessary to use Baire’s 
theorem. 

For each positive integer ἡ, let Y,, denote the set of all x in [0, 1] 
such that f,(x) = 0. By Lemma 7.1.1 Y,, is closed; by hypothesis 


UY, = [0,1]. 

n=1 
Let » be any positive integer such that Y, is not nowhere dense so 
Y° # Οἵ; let x) ε Υἱῷ and e (> 0) be such that 


[χο-- ὃ, Xo te] S Yy. 


As before, f(x) = 0 on [x9—28, Xp +8]; in particular f(x 9) = 0 and 
hence f(x) = 0 for all xin Y,. Let Z, = Y,— Y,; then Z, is closed 
(since 

Zn = ΥΊ ΓᾺ ([0, 1]1- ΤᾺ), 


Z, is the intersection of two closed sets). Hence (Z,)° = Z; = D, 
so Z, is nowhere dense; thus f(x) = 0 for all x in [0,1] except 
possibly on a set of the first category. Since [0, 1], with Euclidean 
metric, is complete, by Baire’s theorem it follows that f(x) is zero 
on a subset of [0,1] of the second category, the complement of 
which is a set of the first category. It is left to the reader to show that, 
since fis continuous, f(x) = Ὁ everywhere on (0, 1]. 


EXERCISES 7.5 
1. If (X, p) is a complete metric space having no isolated points, 
prove that X must be uncountable. 


2. Let (X, p) be of the second category. If (Y,) is a sequence of open 
sets each of which is everywhere dense and if Y denotes their intersec- 
tion, what is the category of the sets Y and ¥— Y? 

3. In the notation of Exercise 2.2.2, let Y; ΞΞ X; for each i. Show 
that Y, x...x Y,, is meagre in (X, p), or in (X’, p’), if at least one 
of the sets Y; is meagre in (X;, pj). 


4. Deduce Theorem 7.5.1" from Theorem 7.5.2. 


5. By mimicking the proof of Theorem 7.5.1, give a proof of Theorem 
7.5.2 which is independent of Theorem 7.5.1 (or any of its equivalent 
forms). 
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6. Let (X, p) be a complete metric space and (/,) be a sequence of 
real-valued continuous functions defined on (X,p) such that 
(f,(x)) is bounded for each x in X. Show that the set 


Y= 42:1 (| <a = 1,2,....} 


is closed for each positive integer m. Deduce that there exists a non- 
empty open set Y such that (/,(x)) is uniformly bounded over Y. 
[This result is known as Osgood’s theorem; it is the central step in 
the proof of the uniform boundedness theorem. ] 


7. Let (X, p) be a complete metric space and let (Y,,) be a sequence 
of closed sets which cover CX, p). Prove that the union of all the sets 
Υ is everywhere dense. 


7.6 The existence of everywhere continuous nowhere differentiable 
functions 


First we make a general comment. Since the empty set is always 
nowhere dense, it is meagre, and therefore a non-meagre set cannot 
be empty; hence if we can show that a set of elements with a certain 
property is non-meagre (in some metric space), it follows that there 
must exist elements with the prescribed property. Thus Baire’s 
theorem provides a method of establishing certain existence results; 
this is illustrated below. 

We now show that there exist functions which are continuous over 
an interval J = [a, b] but which are not differentiable at any point of 
I; moreover it will be shown that most continuous functions have 
this property in the sense that the set of all functions in @(/) which 
are differentiable at one or more points of J is meagre, when we 
associate the usual supremum metric p with @(J). 

A function 7:1 -- R is said to have a right-hand derivative at c, 
where a < c < J, if there exists / in R such that, given any e > 0, 
there exists 6 > 0 for which 


fle+ hfe) _ 
h 


i|<e 


for all A such that Ὁ « ἢ! <6. Let A denote the subset of @(/) 
consisting of all those functions which possess a right-hand derivative 
at one or more points of [a, δ). For each positive integer n let E, 
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denote the set of all fin @(/) such that for one or more x in [a, b— 1 [ἡ] 
S(x+h)—f(x) 
h 


whenever Ὁ < A < I/n; thus E, Ξ E,,,. If fe A, then fe E, for all 
n sufficiently large so that 


<n 


Ac \) &£,. 
n=1 

It will be shown that E, is nowhere dense for all n, so A is meagre. 
Similarly if B denotes the subset of @(J) consisting of all those 
functions which possess a left-hand derivative at one or more points 
of (a, δ], then B is also meagre, so A U B is meagre. Since (G(/), p) 
is complete, by Baire’s theorem @(J)—(A ὦ B) is non-meagre and 
so 15 non-empty; thus there exist functions which do not possess a 
left- or right-hand derivative at any point of [a,b], and the set 
of such functions is non-meagre. 

It remains to prove that £, is nowhere dense for all ἡ, 

First we show that E, is closed in (@(/), p) by proving that its 
complement F, is open. Let n be fixed and let fe F,,, so for each x in 
[α, b—1/n] there exists h, such that 0 < ἢ, < I/n and 


M(x+h,)—-f) 
hy 
(using the principles of §1.7). It has to be shown that there exists 
é > Osuch that if g Ε @(/) and p(/, g) < e then ge Γ᾿. For each xin 

[α, b—1/n] let δ, (> 0) be defined by 
[f(x+h.)—S(x)| = |h,|n+4e,3 
since fis continuous at x there exists 6, > Ὁ such that 
[f+h)—f0)| > |h,|n+2e, 
for all y in (x—6,, x+-6,) Τὰ [a, ὃ -- 1]. 
We now use the compactness of [a, b—1/n]; since the collection 
(0. --ὃ,, x+6,):x é [a, b—1/n)}} 
is an open covering of [a, b—1/n], a finite number of these intervals 
covers [a, b—1/n]. Let 
(τ δι,» ΧΙ δι.) = 1, ..., m} 


> n 
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be such a finite covering; also let ¢ = min (δ... ..., €,,). Then 


fv ἘΠ, -ὸ}} > |Ae,{2+2¢ 


for all y in (x,;—6,,, x;+6,,) A [a, b—1/n] and i = 1,...,m. Now 
let g be such that p(/, 5) < ¢ so 
79)--ει᾽ἬἜ < gy) < SQ) +8 
for all y in 1. Then for any y in [a, b—1/n], and for a suitable choice 
of i, 
le(v+h,,)—g(v)| > |S +h.) -£0)|—2e > |Ax,|n. 
Hence g Ὲ F, and so F, is open. 

The next stage is to show that £, is nowhere dense; since £, is 
closed, by Lemma 7.4.1 it is sufficient to show that @(/)—E, is 
everywhere dense. Let fe @(J); since fis uniformly continuous over 
I, given any e > 0, there exists a positive integer k for which 
| f(x) —f(x')| < 4e for all x, x’ such that |x—x’| <(b—a)/k, where 
k is independent of x, x’. Let 

a=Xx9<x,<..<k& =5 
be the partition P of J which divides J into k equal intervals. Con- 
sider the rectangle formed by the lines x = xX,_;, X = x, and 
y =f(x,-1)£4e. Join the points (x,-1,/(%,-1)), %»/Q,)) by a 
polygonal ‘saw-tooth’ curve which remains inside the rectangle and 
whose line-segments have slopes exceeding nm in absolute value. 


fit,.,Jeve 


Doing this for each subinterval [x,_,, x,] of P we have defined a 
function f, in @(J) such that | f(x)—f,(x)| < ¢ for all x in J, that is, 
such that p(f,f,) < e. Moreover f, is in €(1)—£,, so the latter is 
everywhere dense. 

This concludes the proof. 
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Of course another way of proving that there exist functions which 
are continuous over J but are differentiable nowhere in the interval, 
is to find explicitly a function with these properties. This can be done 
although, as is only to be expected, such a function cannot be 
described by a simple formula; the details are outlined in Exercise 
7.6.2. 

Another result which is similar in spirit to that above is the 
following. There exist functions which are continuous on an interval 
I but which are not monotonic over any subinterval of J; as before 
most continuous functions have this property im the sense that the 
set of functions in @(J) which are monotonic over some subinterval 
of J is meagre.} For details of this see Exercise 7.6.3 and, for the 
actual construction of such a function see, again, Exercise 7.6.2. 


EXERCISES 7.6 


1. Let J = [a, 6]. Show that there exists fin (J) which is differen- 
tiable at no point of J and such that f(a) = /(b). Deduce that 
there exists a function /:R — R which is continuous everywhere and 
is differentiable nowhere. 


2. (i) Let H be the set of all rationals g of the form g = k/4" where 
k eZ, "ΕΝ; show that H = R. 


(ii) Let f,:R — R be defined by f,(x) = |x| if |x] <4 and defined 
periodically with period 1 for all other values of x. For any integer 
n> 1, let f,:R > R be defined by 


fa) =A. 


Then f, has period 1/4"~* and |f,(x)| < 1/(2.4"~") for all x. Lastly 
let f:R — R be defined by 


fe) = Σ fle) 


Show that this series is uniformly convergent over R so f is con- 
tinuous. 


1 The reader who is familiar with the result (of Lebesgue theory) ‘a function 
which is monotonic on an interval / possesses a derivative almost everywhere in 
I’ will see that the present result can be deduced immediately from the previous 
one concerning the existence of continuous functions which are nowhere 
differentiable. 
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(iii) Let ke Z, meN,q = k/4", h, = 1/4°"**. Show that 
i{q) = Oifn > m, 
f(qth») = 0ifn > 2m+1, 


ΤΑΣ -- (4) > —hm ifn = 1, ...,m, 
SAgx hm) = hy, ifn = m+1,...,2m+1. 
Deduce that f(¢+h,,)—f(q) > 9. 
Using (i) show that fis monotonic on no interval in R. 
(iv) Let xe R and let k,, = +1/4"; show that for at least one of 
these values of k,, 
lf, im X+Kn) —S, m(X)| = |k Ἢ 
For such a value οἵ k,,, show also that 
Km| ifn <m 


0 ifn >m. 


μα κ,)-- ΚΟ} = 
Hence show that 
Και 


is an integer which is even if m is even and is odd if m is odd. Deduce 
that f cannot be differentiable at x. 


3. (i) Let J = [a, b]. Show that the set of all subintervals of 1 
with rational endpoints is countable. Denote these intervals by 
{T,:n € N}. 

(ii) Associate with @(J) the usual supremum metric p. Let £, 
denote the set of all elements of @(J) which are monotonic on J,; let 
Ε, = @(1)—E,,. Then fe F, if and only if there exist x, y, zin J, such 
that x < y < zandeither f(x) < 700) and f(z) < f(y) or f(x) > f(y) 
and f(z) > 700). If f¢ F, show that there exists e > 0 such that if 
σε S(f, e) then g ε Γ᾿, Deduce that E, is a closed subset of (@(/), p). 

(iii) Prove that F, is everywhere dense in @(J). 

Hence show that the set of functions which are continuous over J 
and monotonic over some sub-interval of J is meagre. 


4. Let f,:R > R be continuous for each m in N, and suppose that 
f(x) > f(x) as n -- 0 for all x in R, Let 


Unn = {x:|f(x)—f@)| <m™? for all k > n}. 
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Show that, for each m, 


R= ὕω, 


Show further that U,,, is closed and hence that U,,,—U,, is closed 
and nowhere dense; thus the set 


a 


V= (J (ὕ,.-- ὕκὼ 


m,n=1 
is meagre. 
Finally prove that fis continuous at any point not in V. 
[The reader will recall that if f(x) - f(x) uniformly over R then 


~— {must be continuous over R. Thus by the present result even when the 


convergence is not uniform, the set of points of discontinuity of fis 
meagre. ] 


C, APPROXIMATION TO CONTINUOUS FUNCTIONS 


7.7 The Weierstrass approximation theorem 

In this section we prove two simple results concerning approximation 
to real-valued continuous functions and then establish the important 
result known as the Weierstrass approximation theorem. Although 
the latter is not strictly part of the general theory of metric spaces, it 
is included here in preparation for a brief discussion of the more 
general result of Stone. All three approximation results of this 
section depend essentially on the fact that a function which is 
continuous over a closed bounded set of R is uniformly continuous 
there. As usual J denotes the interval [a, δ]. 


DEFINITION 7.7.1. Let g:J — R; then g is called a step function if it 
assumes only a finite number of distinct values in R, each value being 
taken on some interval of R. 

THEOREM 7.7.1. Let f:I > R be continuous; then given any e > 0 


there exists a step function g:I + R such that | f(x)—g(x)| < @ for 
all x in I. 

Proof. Let e > 0 be given. Since fis uniformly continuous over J 
there exists 6 > 0 for which | f(x)—f())| < ε for all x, y in 1 such 
that |x—y| < δ, where ὃ is independent of x, y. Let P be any 
partition 

ἅτε Χο 4χι «... «χα, τὶ ὃ 
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of J such that ||P|| < ὃ; let y,€ (x; χα) for i= 0, 1, ..., a1. 
Define a function g:J—>R by g(x) =/f(y,) for x; <x «Χμ 
(i = 0,1, ..., 2—2) and g(x) = f(y,-1) for x,-; <x< x,. Then itis 
clear that g has the required properties. 


DEFINITION 7.7.2. Let g:J - R; then g is said to be a polygonal 
function if there exists a partition 
a=) <¢, «... «δ, Ξῷ ὃ 
of /, and real numbers A,, B;, i = 0, 1, ...., a—1 such that 
e(x) = Ayx+B, fore,< x <¢;4), 
for i = 0,1,...,a—1, and such that 
A jCj41 +B; = AjsrCi4s t+ Bi 41 
for i = 0,1, ...,"—2. 
THEOREM 7.7.2. Let f:1 + R be continuous; then given any ¢ > 0 


there exists a polygonal function g:I -» R such that |f(x)—g(x)| < ¢ 
for all x in I. 


Proof. Let P be the partition defined in the proof of Theorem 
7.7.1; let g be the polygonal function obtained by joining the points 
(x;, {(x;,)) linearly. If x; < x < χα. and 


x—xX; 
= Ξ 
Xj44 7%; 


so 0 < @ < 1, then 
g(x) = g(x) + Oig(%+1)-gd} 
= f(x) + OF Oi+1)-SOD}- 

Therefore 

Sx) — 8) = f)-S 0) - 9 i+ SD} 

= (()- ΧΡ ΚΙ --θ) + fO)-S@i+ D3}, 

50 

[Χ.)-- 5 }} < |S) -- λα] α -- 0) + |S) S40 

< e1—0)+e0 =e. 

Thus | f(x)—g(x)| < ¢ for all x in J. 
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We come now to the main result, due to Weierstrass; there are 
many proofs of it, some of which give explicit expressions for the 
polygonal approximations. The method which we describe (due to 
Lebesgue) does not do this; however it has the advantage that it can 
be extended to a more general situation (see §7.8). We break the 
proof up into stages. 


LEMMA 7.7.1. The binomial expansion (in ascending powers of x) of 
(1—x)* is uniformly convergent over [0, 1]. 


Proof. The binomial expansion of (1 —x)* is 


1 x* 1.3.....(2r—3) x" | x 
φῤασΣξν πο Se = 1-4 2, aC), 


1.3.....(2r—3) 1 
0 <a,(x) <r s = b, (say) 


for all x in [0,1]; then 


a δ, -ἰἰ wat xe 

b, +1 

as r — co, so by Raabe’s test? (see, for example, Ferrar (1938) p. 30) 
δ}, is convergent. Therefore, by the Weierstrass M-test, the series 
δ α,(Χ) is uniformly convergent over [0, 1] and so the result follows. 


From Lemma 7.7.1 we deduce the Weierstrass approximation 
theorem for the special case of f(x) = |x]. 


LEMMA 7.7.2. Given any ε > 0 there exists a polynomial p such that 
||x|—p(x)| < ε for all x in [—1, 1]. 
Proof. Taking the positive root 
x = /{1—(1—x’)} = V(1-2) 


where 1 = 1—x’, so that 0 <r <1 for all x in [—1, 1]. Let Ρ (ὦ 
denote the sum of the first 7+ 1 terms of the expansion of 4/(1—/) in 
powers of /, so δ᾽ is a polynomial of degree n; then given any e > 0 
there exists NV such that 


1-1) -P,)| - ε 


+ Raabe’s test is an extension of the ratio test and is sometimes useful when, 
as in the present case, the ratio test is inconclusive. 
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for all "δ Ν where WN is independent of ¢ over [0,1]. Set 
p(x) = Py(1—x?); then ||x|—p(x)| < ¢ for all x in [—1, 1]. 
LeMMA 7.7.3. Let f:I — R be defined by 
ifa ax <e 
τ ed 
where a < c <b. Then given any 8 > Ὁ there exists a polynomial p 
such that | f(x)—p(x)| < ¢ for all x in I. 
Proof. Clearly 
f(x) = $n(x—0) +4m|x—<l; 
by Lemma 7.7.2 there exists a polynomial q such that 
|\|x—c|—g(x)| < e/4m 
for all x in J, so there exists a polynomial p such that | f(x) —p(x)| «8 
for all x in J. 


We can now deduce Weierstrass’ approximation theorem in its 
general form. 


THEOREM 7.7.3. Let [6 @(1); then given any ὃ > Ὁ there exists a 
polynomial p such that | f(x)—p(x)| < 8 for all x in I. 

Proof. Given any 8 > 0, by Theorem 7.7.2, there exists a par- 
tition P 

ἥτε χὺ <x, <...<x%, =5 

of I and a polygonal function G:J — R such that | f(x)—G(x)| < te 
for all x in J, where the vertices of the polygonal are occur at the 
points (x,,f(%,)), r=0,1,...,m. 


$3 pr 
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Clearly G can be expressed as the sum of ἡ" continuous functions 
G,, ...» G, such that Οἱ is linear over [a, ὁ], Gz is zero on [a, x,] and 
is linear over [x,, δ], G3 is zero on [a, x2] and is linear over [xp, δ], 
and, generally, G, is zero on [a, x,_,] and is linear over [x,_,, 5]. By 
Lemma 7.7.3 there exist polynomials p,, ..., p, such that 


|G.(x)—p,(x)| < e/2n 
for all x in J, r = 1,...,n. Set 


p(x) = Σ PAX); 


then 
|G@)— X p09] - Σ |G.C)—p,00| < Ξε, 
so | f(x)—p(x)| < ε for all x in J. 


This concludes the proof. 
Let J, = [0,1]; then by the Weierstrass theorem the set of all 
finite real linear combinations of the functions 


EO icy ξ΄ 

is dense in @(J,), where the usual supremum metric is associated 
with @(J,). There is a generalization of this result (due to Miintz) 
which, although we cannot prove it here, is sufficiently interesting 
to quote. 

THEOREM 7.7.4. The set of all finite real linear combinations of the 
functions 

OR SORE CN 


where (n,) is a strictly increasing sequence of positive integers, is dense 
in @(Io) if and only if ¥,n,~* is divergent. 


We conclude this section with a simple application of Weierstrass’ 
theorem. 


DEFINITION 7.7.3. Let fe @(1); then the members of the set 
{fo x*/(x)dx:n = 0, 1, 2, ...} 


are called the moments of f. 
It is shown that any function in @(J) is uniquely determined by its 
moments. 
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THEOREM 7.7.5. Jf fe (ἢ) and 
fe x"f(x)dx = 0 (7.7.1) 
forn = 0,1, 2, ..., then f(x) = Ὁ for all x in I. 


Proof. Let M be such that | f (x)| < M forall xin J. By Weierstrass’ 
theorem given any ¢ > 0 there exists a polynomial p such that 


2) Ee < SO) < PO) +4 
for all x in J. Hence, for a given x in J, if f(x) >0 


FO}? < pla) f+ I < ple Ma) +p. 
and if f(x) < 0 

ὑοῦ)" < pla) 0) < ρου fla) +5. 
Therefore 

fo {PP dx <i p(x). f)dxte = ε, 
by (7.7.1); but ¢ is arbitrary and positive, so 
fc (f(x) dx = 0. 
Since fis continuous, f(x) = Ὁ for all x in J. 
It follows that if f, ge δ ἢ and 
fo x"fla)dx = fb x"g(x)dx 

for π = 0, 1, 2,..., then f = g. 


EXERCISES 7.7 
1. Prove that 


13...2r-DY? 1 
| r! 2 2r+1 


for r = 1, 2, .... Deduce that the series )b,, defined in Lemma 7.7.1, 
is convergent. 

2. If f:I > R is continuous and f(a) = /(6) = 0 show that, given 
any e > 0, there exists a polynomial p such that p(a) = p(6) = Oand 
| f(x) —p(x)| < ¢ for all x in J. 
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3. A sequence (p,) of real-valued functions is said to be decreasing 
on Jif p,(x) > p,+ (x) for all x in 1. If f:J > R is continuous prove 
that there exists a polynomial p, such that 


wes ens 
| f(x) +-—p,(x)| < Mn+? 


for all x in J. Deduce that f may be approximated uniformly over J 
by a decreasing sequence of polynomials. 


4. Let X be any compact subset of the real line. Deduce from the 
Weierstrass theorem (but not from Stone’s generalization which is 
described in §7.8) that if /: ¥ — R is continuous, then, given any 
é > Ὁ there exists a polynomial p such that | f(x)- p(x)| < ε for all 
xin X. 


5. Let (Y,) be a sequence of closed subsets of R such that ¥, ¢ Y,4, 
for n = 1,2,..., and Y denote the union of all the sets Y,. Let 
Jf: ¥Y — R be a continuous function, and (é,) be a decreasing sequence 
in R such that ¢, - 0asn - oo. If (p,) is a sequence of polynomials 
such that | f(x) — P,Ax)| < 8, for all xin Y,, show that (p,) converges 
to ffor all xin Y. 

Hence prove that for any real-valued function F which is defined 
and continuous over R, there exists a sequence of polynomials which 
converges pointwise to F, the convergence being uniform on every 
bounded subset of R. 


6. Prove Theorem 7.7.5 by means of the following steps. Suppose, 
if possible, that there exists cin Jsuch that f(c) > 0. Define g:J > R 
by g(x) = max {0, /(x)} for all x in 1. Show that ge (J) and that 


| ὁ f(x)e(x)dx > 0. 
Deduce that there exists a polynomial p such that 
fo S(x){g(x)—p(x)} dx < fa f(x)g(x) dx. 
Hence obtain a contradiction. 


7.8 Stone’s generalization of the Weierstrass theorem 

Let o, denote the usual supremum metric associated with ¢(J); 
then Weierstrass’ theorem asserts that the set P, of all real poly- 
nomials is dense in (@(/), oo). In this section we prove an extremely 
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important generalization due to Stone (this result is usually called 
the Stone-Weierstrass theorem). Its importance arises from its many 
applications in abstract analysis; these fall well outside the scope of 
the present text, but the reader is referred to Stone (1962). There 
Stone describes his result in a very general setting and gives various 
applications. There are many variations of the Stone-Weierstrass 
theorem; the form given below is one of the simplest of these. We 
present only the underlying ideas involved in generalizing the Weier- 
strass theorem in the most basic possible case. 

Let (Δ΄, p) be a compact metric space and let @(X) denote the set 
of all functions /:(X, p) ~ (R, d) which are continuous. Associate 
with @(X) the metric o defined by 


o(f, 8) = sup f)—g(0)|; 


then (see §5.8) (@(X), σὴ is a metric space. Our aim is to find a set P 
which is everywhere dense in (@(X), a) and which reduces to the 
set Py of polynomials when X = J and p is the Euclidean metric. 
To do this we note that Py has the following properties. 

(i) The functions 1, x are in Po. 

(ii) If f, g¢ Po and we R then f+g, fg, afe Py. 

(iii) For any pair of distinct elements c,d of J, there exists a 
function fin Py such that f(c) τὰ f(d); clearly the function x has this 
property. 

It will now be shown how the generalization of (i)-(iii) leads to an 
extension of Weierstrass’ theorem. 

First we define some terms. 


DEFINITION 7.8.1. Let X be any non-empty set; any collection A 
of real-valued functions defined on X such that iff, g¢ A andaeR 
then f+ 5, fg, af € A, is called an algebra of functions on X. 

(More generally an algebra is essentially a system having the 
combined structure of a vector space and a ring.) We give some 
examples. 

(i) Let X be any non-empty set; then the set of all real-valued 
functions on X is an algebra. 

(ii) Let (X, p) be a metric space; then the set of all real-valued 
continuous functions on (X, p) is an algebra. 


+ More precisely we mean the constant function whose value is 1 for all x in / 
and the identity function i, 
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(iii) Let X be an open interval of R; then the set of all real-valued 
functions differentiable on X is an algebra. 
(iv) The set of all real-valued polynomials on 1 is an algebra. 


DEFINITION 7.8.2. Let (X, p) be a metric space and let A Ξξ @(X) 
be an algebra of functions on X. Then A is said to separate points 
of Xif, for every pair of distinct elements x, y of X, there exists fin A 
such that f(x) # 700). 

Thus the set Py of all polynomials separates points of any interval 
I since Py contains the identity function. An example of an algebra 
which does not separate points of the underlying set is the set of all 
polynomials of even degree over [—1, 1]; for f(—x) = f(x) for all x 
in [—1, 1] and all such polynomials Καὶ 


LemMaA 7.8.1. If (X, p) is a compact metric space and A & G(X) is 
an algebra, then A is also an algebra in €(X), where closure is relative 
to the supremum metric o defined above. 


Proof. This is left as an exercise. 
We can now state and prove the main result. 


THEOREM 7.8.1. Let (X, p) be a compact metric space and (@(X), ¢) 

be the metric space defined above. Then any subset A of €@(X) such that 
(i) the constant function whose value is 1 is in A, 

(ii) A is an algebra of functions on X, 

(iii) A separates the points of X, 
is everywhere dense in (€@(X), ¢). 

Proof. This is divided into stages. 

I. To show that if fe A then |f| A. 

First observe that if f¢ A then fe G(X) and hence [7] ε @(X). 

Since (X,p) is compact and fe @(X) it follows that f/(X) is a 
bounded subset of R; let M = sup, |/(x)|. Let e > 0 be given. Then 
by Lemma 7.7.2 there exists a polynomial p such that 


| \|¢|—p(t)| < e (7.8.1) 
for all t in [-- Η, ΜΊ; set 


p(t) = ᾿ οὶ. 
i=0 
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Since f € A it follows that p of, that is the function defined by 


π 
(pe 0) = »ρ.}} = 2, ef f(x}, 
is also in A. Moreover (7.8.1) implies that 
|| #)|-@ eNO)| < ε 

for all x in X; thus o(|f|, p of) < ε. Hence |f|¢A = A. 

It will be recalled that when introducing Weierstrass’ theorem in 
§7.7 it was explained that a proof would be given which would extend, 
in part, to the more general case being considered in the present 


section; in this connection the reader should note how Lemma 7.7.2 
has been used in the first stage of the present proof. 


Il. To show that if f, g ¢ A then max (f, g), min (/, g) are also in A. 
Using the identity 


max (f, g)(x) = 4{f(x) +(x) +|/@)—g@)}}, 
it follows that if f,¢¢A then max(/,g) is in A; similarly for 
min (/, g). 
Likewise if f,,...,f,¢A, then max (jf, ...,/,), min (ἢ. ...,f,) 
are also in A. 


Ill. To show that if x,, x2 are distinct elements of X and a,, 4%, ΕἈ 
then there exists a function h in A such that h(x,) = αι, h(x2) = ἃ. 

By hypothesis (iii), there exists @ in A such that d(x,) 4 $(x2); 
let h be defined by 


P(t)— P(X) 
P(%2)— P(%1) 


Then the function / clearly satisfies the required conditions. 


A(t) = ἃ, Ἑί(α; -- αἰ) 


IV. To show that, given any f in €@(X), any x in X, and any ε > 0, 
there exists a function g, in A such that g,(x) = f(x) and 
g(t) > f(t)—e (7.8.2) 


for all t in X. 
To every y in X, by applying III to the elements f(x), f(y) in R it 
follows that there corresponds a function ἦν in A such that 


h(x) = f(x), Ay) = FO). 
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Since h,(y)—f(y) = 0 and since the function 4,—f is continuous 
over X, there exists an open sphere S(y,6,) of X such that 
\h,(t)—f(t)| < ¢ for all t in S(y, 5), and so 


h(t) > f()—e (7.8.3) 
for all ¢ in S(y, ὃν). 


The collection {S(y, 6,):y Ε X} is an open covering of (X, p); 
since the latter is compact there exists a finite subcovering, say 


580, 6,,):i = 1, ..., m}, 
by the spheres S(y,6,). Let g, = max (h,,,...,A,,); then by I, 
g.€A and from (7.8.3) it follows that g,(t) > f(t)—e for all tin X. 
Clearly g.(x) = f(x). 


V. To obtain the final conclusion. 

We repeat the argument of IV. 

Since g,(x) = f(x), by the continuity of g,—/ there exists an open 
sphere S(x,5,) such that |g,(t)—f(t)| < ¢ for all t in S(x, δ.) and 
hence ! 

g(t) < f(t)+e (7.8.4) 


for all ¢ in S(x, δι). Then the collection {S(x, 6,):x Ὲ X} is an open 
covering of (X, p); again by the compactness of the latter there exists 
a finite subcovering 
{S(x;, 6,,):i = 1, ..., πὶ}, 
say. Let F = min(g,,,...,8,,), 80 FeA; then from (7.8.4), 
F(t) < f(t)+e for all t in X, and from (7.8.2), F(t) > f(t)—e for all 
tin X. Hence o(F, ἢ < ε. 
It follows that fe A and therefore A = @(X). 


EXERCISES 7.8 


1. In the notation of Theorem 7.8.1, show that fe A does not imply 
that [7] € A. 


2. Let X = [0, 2x]; if /:X — R is such that 9710) = f(2z) and is 
continuous over X show that, given any ¢ > Ὁ there exists a trigono- 
metric polynomial p, that is a function of the form 


p(0) = ao+ δ᾽ (a, cos ΚθΈ δ. sin Κθ), 
k=1 
such that |/(0)—p(0)| < ¢ for all @ in [0, 27]. 
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3. Let X be a compact subset of R? and let f (= (ἢ, ...,.})}}: X > ΜΒ 
be continuous (the metrics to be the relevant Euclidean ones). Given 
any ¢ > 0, show that there exists a function g (= (g,, ..., g,)): X— R? 
of the form 


B(x) = Dat? nyxy! ++ Xp, 
the sum being taken over a finite number of p-tuples of indices 


(Ky, ..-,K,) (ky,..-,k, being non-negative integers) where 
x = (%;,..., X,), and such that 


Σύ περ" κε 
for all x in X. 


4. Let (X, p), (Y, σ) be two metric spaces, V = Xx Y and τ be the 
metric on V defined by 


t((x, y), (χ΄, »»}) = max (p(x, x’), o(y, y’)) 


for all (x, y), (x’, y’) in V. If fe @(V) show that, given any e > 0, 
there exists a function p: V > R of the form 


P(x, ») = fig) +... +hO)s,) 
where ἢ Ε €(X), g;€ @(Y), i = 1, ..., m, such that 


| f(x, y)—p(x, y)| < ε 
for all (x, y) in V. 


5. Let (X, p) be a compact metric space and let Y be a non-empty 
subset of @(X); let the intersections of all algebras A such that 
Y CAC @(X) be denoted by /( Y). Show that ./(Y) is an algebra 
(it is called the algebra generated by Y). 

Show that the algebra generated by {1, x7"* 1}, where ἡ = 0, 1,2,..., 
is everywhere dense in (@(J), σ), ¢ being the usual supremum metric, 

For each positive integer m, for which closed intervals J is the 
algebra generated by {1, x"} everywhere dense in (@(J), σὴ) 


Ὁ. SEPARABILITY 


7.9 Separable metric spaces 

In this section we look at metric spaces which contain an everywhere 
dense subset which is countable; the theory of such spaces is impor- 
tant, in particular, in the study of Hilbert spaces. (A Hilbert space H 
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is essentially a vector space having an inner product defined on the 
space; furthermore the inner product defines, in a natural and 
immediate way, a metric on H which makes H a complete metric 
space.) 


DEFINITION 7.9.1. A metric space (X, p) is said to be separable if 
it contains an everywhere dense subset which is countable. 

For example (R, d) is separable since Q is countable and every- 
where dense in (R, d). Other examples are given in §7.10. 


THEOREM 7.9.1. If (X, p), (X’, ρ΄) are homeomorphic, then (X, p) 
is separable if and only if (X', ρ΄) is separable. 

Proof. Let f:(X, p) > (X', p') be a homeomorphism. Suppose 
(X, p) is separable and let Y be a countable everywhere dense subset 
of (X, p). Then /( Y) is countable; moreover by Theorem 3.3.1 


ΠΟ) = A(X) = f(X) = χ', 
so {( Y) is everywhere dense in (Χ΄, ρ΄). Thus (Χ΄, ρ΄.) is separable. 
A slight modification of the preceding proof establishes the 
following result. 


COROLLARY 7.9.1. If (X, p), (X’, ρ΄) are two metric spaces such 
that (X, p) is separable, if f:(X,p) — (Χ', p’) is continuous and 
Y’ = f(X), then (Y", py-) is also separable. 


LEMMA 7.9.1. Let (X, p) be a separable metric space andlet Y < X; 
then (Y, py) is separable. 

Proof. Let A = {x,:k = 1, 2, ...} be a countable everywhere dense 
subset of (X, p). Then for each x, in A and each positive integer n, 
either S(x,,n7') ὦ Y is empty, or it contains some point γι, say; 
let B denote the set of all such points y,,, so Bis countable. Moreover 
B is everywhere dense in (Y, py). To see this let ye Y and let e > 0 
be given; choose a positive integer m such that m~' < 4e. Then there 
exists x, in A such that p(x,, y) < κι᾿; hence 


δία, κι AY αὶ @. 
Taking the corresponding point γι, of Β it follows that 
PVs Vim) < POs Xe) Ἐρία, Vig) < & 


This concludes the proof. 
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We now give some results concerning the relationship between 
total boundedness (or compactness) and separability of metric 
spaces. 


THEOREM 7.9.2. Any totally bounded metric space is separable. 


Proof. Let (X, p) be totally bounded. Then for each positive 
integer n there exists a finite n~'-net, say Y,; let ¥ denote the union 
of all the sets Y,,. It is easily seen that Y is countable and everywhere 
dense in (X, p). 


Theorem 7.9.2 implies, of course, that every compact metric space 
is separable. 

On the other hand a separable metric space is not necessarily 
totally bounded; consider, for example, (R, d). However separable 
spaces do possess a less strong property concerning open coverings, 
namely that every open covering of a separable metric space contains 
a countable subcovering (this assertion is known as Lindeldf’s 
theorem). The converse also holds, that is, if a metric space has the 
property that every open covering of it contains a countable sub- 
covering then it is separable. Before establishing these assertions we 
introduce another term which helps us to develop these ideas. 


DEFINITION 7.9.2. Let (X, p) be a metric space and let Z denote 
the collection of all open sets of (X, p). A collection {A,:4 € A} of 
open sets of (X, p), that is a subset of 7, is called a base for J if, 
for every open set Y, there exists A’ © A such that 

Y = () A A 
AeA’ 

LEMMA 7.9.2. The collection {S(x, e):x  Χ, 8 > 0} of all open 
spheres of any metric space (X, p) is a base for the collection of all 
open sets of (X, p). 


Proof. This is left as a simple exercise. 
THEOREM 7.9.3. Let (X, p) be a metric space; then the Sollowing 
statements are equivalent: 
(i) (X, p) is separable; 
(11) every open covering of (X, p) contains a countable subcovering ; 
(iii) there exists a countable base for the open sets of (X, p). 
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Proof. Assume (i). Let Y = {y,:1 = 1, 2,...} be a countable 
everywhere dense subset of (X, p); let 


Ζ = (ϑίν,. Κα aE ΞΕ 1,2,...), 


so that Z is a countable collection of open spheres. If x is any point 
of an open subset Οἱ of (X, p) there exist integers ἢ, k such that 


xe S(y,, k~*) SG. 


For, let 6 > 0 be such that S(x, δ) S G, and let k be a positive 
integer such that k~' < 46; then there exists y, in Y such that 
p(x, γι) « k~*, and hence 


xe S(y,,k~*) S S(x, 6) S G. 


Now let {A,:4 ε A} be any open covering of (X, p). If x is a point 
in one of the sets A, then there exist integers n,, k, such that 


xE SOs,» kx") = A;. 


Let £ denote the collection of all those open spheres S(y,, κ΄ ἢ) 
which are contained in at least one of the sets A,. It is seen that the 
collection Y of such open spheres covers (X, p), and that “ is 
countable. With each sphere S in ¥ associate exactly one of the 
sets A, containing it; hence the collection of all such A, covers 
(X, p) and is countable. This establishes (ii). 

Assume (ii); then (iii) follows immediately. 

Assume (iii). Let {A,:1 = 1, 2,...} be a countable base of the 
open sets of (X, p) and assume that A, # @ for all n. For each ἡ 
choose an element a, of A, and let Y = {a,:n = 1, 2, ...}. It will be 
shown that Y = X, so (X, p) is separable. 

For let x αὶ and let 8 > Ὁ be given. Then S(x, δ) can be expressed 
as the union of some of the sets A,. Hence there exists atleast one set, 
say A,,, such that A,, S S(x, 8), and so p(x, α,.) < 8; thus Y = X. 
This concludes the proof. 


EXERCISES 7.9 
1. Show that the interiors of all the open rectangles in R*, with sides 
parallel to the coordinate axes of R’, form a base for the open sets of 
(R2, d). Describe some other bases for the open sets of (R’, d). 


2. If a metric space (X, p) is the union of a countable family of 
separable subspaces, show that (X, p) is separable. 
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3. Show that the metric spaces (X, p), (X, p’) defined in Exercise 
2.2.2 are separable if and only if the spaces (X;, p;), i = 1, ...,m 
are all separable. 


4. Let Y be a subset of a separable metric space (X, p); using the 
equivalent characterization (iii) of Theorem 7.9.3 for separability, 
show that ( Y, py) is separable. 


5. In the notation of Exercise 2.2.2, show that {Y,,,:A,;A,} is a 
base for the open sets of (X;, p;) for i = 1, ..., m if and only if 


{Y;, Mae ἃ Y, 74; € Ay i = l, sony m} 


is a base for the open sets of (X, p). Hence give an alternative solution 
to Exercise 7.9.3. 


6. Let (X, p) be a separable metric space. 

Let {A,:A¢A} be an open covering of (X, p) such that distinct 
sets A,, A; are disjoint. Prove that A is countable. 

If Y is a subset of (X, p) such that every point of Y is an isolated 
point, then show that Y is countable. Deduce that the set of all 
isolated points of (X, p) is countable. 

Also deduce that any uncountable subset Z of (X, p) must contain 
a limit point of Z. 

7. [For this exercise the reader will need to know a little more about 
cardinality than is summarized in §1.4.] 

Let (X, p) be a separable metric space. Prove that the set of all 
open sets of (X, p) has cardinality not greater than the cardinality of 
R 


Deduce that X also has cardinality not greater than that of R. 


7.10 Examples concerning the separability of metric spaces 
According to our custom let us examine the examples of metric 
spaces given in §2.2 to see whether or not they are separable. 

(i), (ii) (R, d) is separable, as we have already observed. Likewise 
(R”, d) is separable, since Οὔ is countable and everywhere dense in 
(R™, d). See also Exercise 7.9.3. 

(ili), (iv) X = R"™, 

p(x, ») = δι Ix;—y,)?}/", 
where p > |, and 
p(x, y) = max; |x;—yil. 
G 
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Since the metrics ρ, ρ΄ are equivalent to each other and to the 
Euclidean metric on R”, by Theorem 7.9.1 it follows that (R”, p), 
(R™, ρ΄ are both separable. 

(v) Let X be any non-empty set and p be the standard discrete 
metric. Since every subset of (X, p) is closed the only everywhere 
dense subset is X itself. Therefore (X, p) is separable if and only if X 
is countable. 

In view of (i) of Exercise 3.4.6, any discrete space is separable if 
and only if it is countable. 

(vi) X = ἐν and 

P(x, y) = {}; |x,;—y|?}"/", 


where p > 1. Then (/?, p) is separable. 

Let Y denote the set of all elements » of 7? such that only a finite 
number of the coordinates y, of y are non-zero, and the non-zero 
coordinates are all rational. 

First it is established that Y is countable. Let Y, denote the 
subset of Y consisting of all those elements y (= (y,)) such that 
γι = Ὁ for all i > r+1; then 


Y= |) Y,. 
r=] 


Since Y,, Y;, ... are all countable, Y is countable. 
Next it is shown that Y is everywhere dense. Let xe ??, ye Y 
and set 


a= {νιν κενῷ Ves 0, 0, μαι δ 
then 


fox, P= Σ μι Sail 


i=rt+i 


Given any 8 > 0, since x Ὲ ἔν, there exists r such that 
» |x,|? < te?; 
i=r+] 
fix r. Choose jy, ..., y, in Ὁ such that 
Ix:—y,| < e/(2r)*”; 


this is possible since Q is everywhere dense in (R,d). Hence 
p(x, y) < ε where ye Y, so Y is everywhere dense in (¢?, p). Thee 
(¢?, p) is separable. 
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It was mentioned at the beginning of §7.9 that separability is a 
concept of some importance in the study of Hilbert spaces; in 
connection with this it turns out that any Hilbert space H which is 
separable (that is a space H which, with the metric arising from the 
inner product of H, is a separable metric space) is isometric to 
(¢*, p) and moreover the vector space structure of H is isomorphic 
to the vector space structure of ¢*. Thus (¢?, p) is an exact copy, 
analytically and algebraically, of any separable Hilbert space. This 
makes ({ 2, p) an important example. 


(vii) X=» and p(x, y) = sup;|x,—y,|. Then (,p) is not 
separable. 

Let Y be the subset of » consisting of all sequences whose 
elements are 0 or 1. Let denote the collection {S(y, 4):y € Y} of 
open spheres; then the spheres S(y, 4), S(y’,4) in # are disjoint 
provided y # γ΄. Suppose that Z is everywhere dense in (we, p); then 
each of the spheres S(y, 4) would contain at least one point of Z. 
It will be shown that Y, and hence the collection /, is not countable; 
thus Z is not countable, and so (με, p) is not separable. 

To show that Y is not countable we use a standard contradiction 
argument. Thus suppose, if possible, that we can express Y as 


{y, i" =} 2, aa 


Let y, = (Ynis Yn2s ---) Where each y,,, is either 0 or 1. Define 
Ζ = (Ζ,, 22» ...) as follows; each z,, is to be either 0 or 1 (so ze Y) 
and such that z; # y4;, Zz # ¥22, and so on. This implies that 
z # y, (since z and y, differ in their first coordinates), z τέ y, (since 
zand y, differ in their second coordinates), and so on; hence zis not 
equal to any of the elements y,, so z ¢ Y, which is a contradiction. 


(viii) X = ΘΠ) and p is the usual supremum metric. Then 
(€(J), p) is separable. 

To see this we first observe that by the Weierstrass approximation 
theorem the set of all polynomials is everywhere dense in (¢(J), p); 
however this alone is not sufficient to establish the separability of 
(€(1), p) since the set of all polynomials is not countable (for 
example consider the subset consisting only of constants). Instead 
we consider the set P* of polynomials with rational coefficients; it 
will be shown that P* is countable and everywhere dense in (G(J), p). 

Let Py be the subset of P* consisting of all polynomials, with 
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rational coefficients, of degree not greater than ἡ; then there exists 
a bijection between P* and Οὐ, so P* is countable. But 
τ 
P* = |) PS, 
n=0 

so ΡῈ is countable. 

Let fe (J) and ες > 0 be given; let p be a polynomial such that 
p(f, p) < 4e and let 

P(t) = ag +ayt+...+4,t" 

where a,;¢R for i = 0, 1, ..., ἡ. Let ὁ = max (al, |b|); for each i 
(0 <i <n) choose J; in Q such that 


\b,-a,| « ;;----ἡ : - 

(n+ 1) εἰ 
and let q(t) = bp +b,t+...+56,t”. 
Then po -a00| = | Y G.-ade'| < 4s, 


so p(p,q) <4e. Hence p(f,q) < ε, so ΡῈ is dense in (@(J), p). 

(ix) X = BJ) and p is the usual supremum metric. We can no 
longer use the Weierstrass approximation theorem since the functions 
which we are considering are not necessarily continuous over J. In 
fact (@(D, p) is not separable; we outline the proof, leaving the 
details to the reader. 

Let Y be the subset of @(J) consisting of all the characteristic 
functions, that is the functions defined on J which take only the 
values 0 or 1; this set is not countable. Let Z be a set which is 
everywhere dense in (A(J), p); by using a similar argument to that 
employed in (vii) it will follow that Z is not countable. 


(x) X = (ἢ and 
ef, 8) = [1 Χὺ -- βίη] αἱ. 
Let P* be defined as in (viii) and let fe @(); then given any e > 0 
there exists g in P* such that 


& 
sup, [7 --4(] < -=— 


80 |f()-g()| « — 


§ 7.10 FURTHER TOPICS 189 


for all 1 in J, and hence 
fe |MO-g@|dt < ε; 


thus p(f,q) < e. Hence P* is everywhere dense in (@(/), p) which is 
therefore separable. 


EXERCISES 7.10 
1. Show that the metric space defined in Exercise 2.2.3 is separable. 
2. Are the metric spaces defined in Exercises 2.1.5, 2.1.6 separable? 


3. Let X denote the set of all real valued functions whicharedefined, 
continuous, and bounded over R; let p: Xx X — R be defined by 


a(x,y) = sup |x(t)—y(d)}. 
— 2 f= oo 
Is (X, p) separable? 


APPENDIX 


There are a number of properties and results concerning metric 
spaces which have been established and which can usefully be 
collected together for the sake of comparison; this is now done. 


A.1 Properties of metric spaces 
First it is convenient to introduce a non-standard term. 


DEFINITION A.1.1, Let (X, p), (X’, ρ΄) be two metric spaces and 
F(X, p) > (X’, p’) bea bijection of X onto X’ such that fis uniformly 
continuous over X and f τ᾿ is uniformly continuous over Δ΄: then 
J is said to be a uniform homeomorphism and (X, p), (Χ', p’) are said 
to be uniformly homeomorphic. 


THEOREM A.1.1. Let (X, p), (Χ', ρ΄) be homeomorphic. Then (X, p) 
is discrete, or compact, or connected, or separable, if and only if 
(X’, ρ΄) has the same property. 


See (i) of Exercise 3.3.2 and §§5.2, 6.1, 7.9. 

On the other hand we cannot add the properties of being complete 
or totally bounded to the above list ; for example the spaces ((0, 1), d), 
(R, d) are homeomorphic but only one is complete and only one is 
totally bounded. However we do have the following result. 


THEOREM A.1.2. Let (X, p), (X', p’) be uniformly homeomorphic. 
Then (X, p) is complete, or totally bounded, if and only if (X', ρ΄) has 
the same property. 

See Exercises 4.1.5, 5.8.4. 


THEOREM A.1.3. Let f:(X, p) > (X’, p’) be continuous and let 
Υ' = f(X). If (X, p) is compact, or connected, or separable, then 
(Y’, py-) has the same property. 

See §§5.8, 6.4, 7.9. 

THEOREM A.1.4. Let f:(X, p) + (X', ρ΄) be uniformly continuous 
re Ἐξ = {(X). If (X, p) is totally bounded then (Ὑ", ργ.) is totally 
jounded. 
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See Exercise 5.8.4. 

Note however that if (X, p) is discrete, or complete, then (Y’, py) 
is not necessarily discrete, or complete, respectively. See the example 
in §3.3, and Exercise 4.1.6. 


DEFINITION A.1.2. Let P be any property which is applicable to a 
metric space; P is called a hereditary property if whenever a metric 
space (X, p) has the property P, then any subspace of (X, p) also has 
the property P. 


Turorem A.1.5. The properties of discreteness, boundedness, total 
boundedness, separability are all hereditary; the properties of complete- 
ness, compactness, connectedness are not hereditary. 

For the assertions concerning total boundedness and separability 
see Lemma 5.7.3 and Lemma 7.9.1 respectively. All of the negative 
assertions are easily established by example. Concerning completeness 
and compactness we do know, however, that a closed subset ofa 
complete (or compact) metric space is complete (or compact, 
respectively); see Theorem 4.1.1 and Lemma 5.7.4. 


A.2 Product spaces 
Let (X,, p;), i= 1, ...,m be metric spaces, X = XX... Xm; let 
xX = (χ,, ..., Xm)s ¥ = ps «+> Vm) Where x;, y; © X;, and define 


p(x, y) = pened ρία,, γὺ, p(x, ¥) = py ρίχ,, γὴ 
and more generally 
πὶ i/p 
pon) = [Σ ριον} Ὁ 


where p > 1. Then p, p’ are metrics on X (see Exercise 2.2.2); like- 
wise it can be established that p is a metric on X. 
Clearly 
p(x, ») <p"(x, y) <m'"!?p(x, y) (A.2.1) 
for all x, y in X and all p > 1. Hence we have 


THeorEeM A.2.1. Jn the above notation, the metrics p, p', ρ΄ are 
uniformly equivalent. 
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We shall denote an open sphere in (X;, p;) by S; and an open 
sphere in (X, p), (X, p’), (X, ρ΄) by S, S’, S” respectively; a cor- 
responding convention is used for closed spheres. 
The inequalities (A.2.1) imply 
S"(x,r) S S(x,r) Ξ S"(x, m'/”r), 
and S"(x,r) S Sx, r) Ss δ, m*/?r), 


for any x in X and any r > 0. 


THEOREM A.2.2. (i) For any x in X and any r > 0, 
S(x, r) = δι(χ,, 7) x... Χ δ, (Χ,.» 7) 
S(x, r) = 5,(x,, r) x... x Sx, r). 
Analogous identities do not hold for S"(x, r), 5"(x, r). 
(ii) If Y; S X; for each i, then 
(¥,x...x ¥,)° = ¥°x...x ¥2 
ΤΥ, = ¥,x...x ¥, 


where Y; is the interior of Y; in (X;, p;) and (Y,x...x Y,,)° is the 
interior of Y, x... Y», in (X, p) or (X, ρ΄), and similar comments 
apply to the closures. 

Moreover if Y; # @ for each i, then Y,x...x Y,, is open (or 
closed) in (X, p) or (X, p"), if and only if each Y, is open (or closed, 
respectively) in (X;, p;). 


(iii) The sequence (x) in (X,p), or (X,p"), is convergent (or 
fundamental) if and only if each sequence (x") is convergent (or 
fundamental) in (X;, p;). Moreover the sequence (x™) converges to x 
in (X, p), or (X, p"), if and only if each sequence (x) converges to 
xX, where x = (X,, ...5 Xm) 

If x is a cluster value of (x) in (X, p), or (X, p"), then x; is a 
cluster value of x in (X;, p;). The converse of this is false, however. 


The proofs of these assertions are left to the reader. 


THEOREM A.2.3. The projection function 1;:(X, p) > (X;, p;) 
defined by x(x) = x;, where x = (χ,, ..., Xm), is uniformly continuous 
over X. 

See Exercise 3.2.8. 


= δι 
7 = 
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Hence if (X, p) is compact, or totally bounded, or connected, or 
separable then (by Theorems A.1.3, A.1.4) each (X,, p;) has the same 
property. To this list may be added the properties of boundedness, 
discreteness, and completeness; to see this we need a different 
argument. Let (x,, ..., X,,) € X and let 


KX, = Χι x {xp} x... x (mh; 


then (X,, px,) is isometric, and so uniformly homeomorphic, to 
(X,, ρι). By Theorem A.1.5, if (X, p) is bounded or discrete then so 
also is (X,, py,) and hence (Xj, p;) has the same property. Further- 
more X , is a closed subset of (X, p); why? Thus if (X, p) is complete, 
then so also is (X,, pz,) and again (X;, p,) has the same property. 

In the reverse direction if each (X;, p;) is bounded, or discrete, or 
complete, or compact, or totally bounded, or connected, or separable 
then (X, p) has the same property. The assertion concerning boun- 
dedness follows immediately from the definition of p. To prove the 
assertion concerning discreteness use, for example, the characteriza- 
tion (iii) of Lemma 2.6.2 of a discrete space; the details are left to the 
reader. For the remainder of the assertions see Exercises 4.2.2, 5.9.1, 
6.4.1, 7.9.3. 

To sum up, we have 


THEOREM A.2.4. The metric spaces (X, p), (X, p") are bounded, or 
discrete, or complete, or compact, or totally bounded, or connected, or 
separable, if and only if each (X;, p;) has the same property. 
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(ii) The above books by Ahlfors, Copson, Dieudonné, Gleason, Kolmogorov 
and Fomin, and Simmons contain discussions of the properties of metric 
spaces; the following are some further texts in which metric spaces are 
treated: 
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Buraess, Ὁ. Ὁ. J. 1966. Analytical Topology. Van Nostrand. 
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Ahlfors, L. V., 101 
Arzela—Ascoli theorem, 124 


Baire’s category theorem, 161, 162 

Bielecki, 95 

Bisection method, 100, 105 

Bolzano—Weierstrass theorem, 99, 
100 


Cantor's intersection theorem, 73 
Cartesian product, 3 
Category, Baire’s theorem, 161, 162 
set of first, 160 
set of second, 160 
Class (of sets), 2 
Closed sets, see Set(s), closed 
Closure, 37 
Collection (of sets), 2 
Compact spaces, 99 
continuous functions on, 117 
countably, 112 
equivalent characterizations, 104 
examples of, 121 
relatively, 115 
subsets of, 113 
Complete spaces, 66 
examples of, 69 
Completion of metric spaces, 76 
uniqueness of, 82 
Component, 146 
connected, 146 
Connected spaces, 132 
arcwise, 143 
locally, 147 
locally pathwise, 145 
pathwise, 142 
subsets of, 134 
Connected sets of real line, 138 
Constructive proof, 86 
Contraction mapping(s), 84 
theorem (fixed point theorem of 
Banach), 84 
applications, 88 
Continuous function(s), 51 
ε-ὖ definition, 51 
on compact sets, 117 
on real line, 11 
topological characterizations, 54 
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Convergence, 27 
Cauchy principle of, 14, 66 
examples, 29 
in Euclidean sense, 29, 31 
in product spaces, 32, 192 
on real line, 14 
pointwise, 28 
uniform, 28 
on real line, 15 
Cauchy principle of, 15 
Weierstrass (/-test for, 15 
Covering, 102 
finite, 102 
open, 100, 102 


Diameter of a set, 65 

Dini's theorem, 104 

Disconnected spaces, 132 
connected component of, 146 
totally, 147 

Disconnection, 132 

Distance between two sets, 64, 120 

Distance from a point to a set, 64, 120 


Equicontinuous set of functions, 125 
Equivalence class, 7 
Extension, 4, 148 

theorems, 148, 151 

Tietze theorem, 153 


Finite chain, 134 
Finite intersection property, 103 
Fixed point of a mapping, 84,116,121 
Fréchet, 22 
Function(s), or mapping(s), 3 
algebra of, 177 
bijective, 4 
composition, 4, 53, 60 
continuous, 51 
see also Continuous functions 
contraction, 84 
see also Contraction mappings 
decreasing sequence of, 104, 176 
derivative of, 12 : 
left-hand (or right-hand), 165 
differentiable, 12 
domain of, 4 
equicontinuous set of, 125 
everywhere continuous nowhere 
differentiable, 165 
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Function(s)—contd. 

everywhere continuous nowhere 
monotonic, 168, 169 

extension of, 4 
see also Extension 

fixed point of, 84, 116, 121 

homeomorphic, see Homeomor- 
phism 

identity, 4 

injective, 4 

integrable, see Riemann integral 

into, 3 

inverse, 4 

inverse image of, 4 

isometric, 76 
embedding, 77, 79 

limit of, 149 

maximum, minimum, 11, 179 

modulus, 11, 178 

moments of, 174 

monotonic, 12 

one-to-one, 4 

onto, 4 

polygonal, 171 

projection, 57,192 

range of, 4 

restriction of, 4 

step, 170 

surjective, 4 

uniformly bounded set of, 124 

uniformly continuous, 53 
see also Uniformly continuous 
functions 


Heine—Borel theorem, 99 
Hereditary property, 191 
Holder's inequality, 18 
Homeomorphism, 58, 68, 102, 118, 
133, 145, 182 
equivalent characterizations, 59 
uniform, 190, 193 
Homomorphism, 58 


Implicit function theorem, 97 
Interior point, 33 
Intermediate value theorem, 11, 140 
generalization to arbitrary metric 
spaces, 140 
Intersection (of a collection of sets), 
empty, 103 
non-empty, 103, 112 
see also Finite intersection property 
Isolated point, 34 


Lebesgue number, 111 

Limit of a sequence, 14, 27 
Limit of a function, 149 

Limit point, 34, 45 

Lindeldf's theorem, 183 
Lipschitz condition, 88, 91, 93 


Mapping(s), see Function(s) 
Metric(s), 22 
discrete, 25, 38 
standard, 25 
equivalent, 60 
uniformly, 61, 62, 63, 191 
supremum, 31 
uniform, 31 
Metric space(s), alternative system of 
axioms for, 23 
axioms for, 22 
base for open sets of, 183 
bounded, 62 
bounded functions, of, 26, 31, 72, 
140, 188 
compact, see Compact spaces 
complete, see Complete spaces 
connected, see Connected spaces 
continuous functions, of, 21, 26, 
31,71, 72, 124, 139, 187, 189 
definition of, 22 
discrete, 25, 38, 70, 121, 135, 186 
two point, 140 
examples of, 23 
complex analogues, 26 
Euclidean, 24, 29, 69,121, 138, 185 
isometric, 77 
see also Functions, isometric 
l?, 25, 30, 70, 100, 122, 123, 140, 
186 
m, 25, 30, 71, 140, 187 
metric of, see Metric(s) 
precompact, 103 
see a/so Totally bounded spaces 
product of, 26 (Exercise 2.2.2), 32, 
50, 57, 63, 73, 122, 141, 160, 
164, 185, 191 
separable, see Separable spaces 
sequences in, see Sequence(s) 
totally bounded, see Totally 
bounded spaces 
Minkowski’s inequality, 19 
Mantz, 174 


Negation of quantifiers,16 
Neighbourhood (spherical), 33 
Net, 102 
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Open covering property, 100 
see also Covering 

Open mapping theorem, 163 

Open sets, see Set(s), open 

Osgood’s theorem, 165 


Partition, 6, 12 
Path, 142 
Peano's theorem, 129 
Picard’s theorem, 92 
Point of accumulation, 34, 45 
Precompact spaces, 103 
see also Totally bounded spaces 


Raabe’s test, 172 
Real number system, 7 
field axioms, 8 
linear ordering axioms, 8 
least upper bound axiom, 9 
Relations, 6 
equivalence, 6 
class, 7 
reflexive, 6 
symmetric, 6 
transitive, 6 
Relative openness, 43 
Riemann integral, 12 
definite integral, 13 
indefinite integral, 13 
integration and differentiation, re- 
lation between, 13 


Separable spaces, 181 
examples of, 185 
subsets of, 182 
Separate joints, to, 178 
Sequence(s), Cauchy, 66 
cluster value (or point), 45, 68, 108 
110 
constant, 79 
convergent, see Convergence 
diagonal, 111, 128 
equivalent, 77 
fundamental, 66 
limit of, 14, 27 
upper and lower limits of real, 46 
Set(s), 1 
boundary of, 48 
bounded, 9, 63, 68, 103 
Cartesian product, 3 
closed, 36 
equivalent characterization, 37 
union and intersection of, 40 
closure of, 37, 45 


compact, see Compact spaces, 
subsets of 
complement of, 2 
connected, see Connected spaces, 
subsets of 
countable, 7 
countably infinite, 7 
dense, 47 
diameter of, 65 
disconnected, see Disconnected 
spaces 
disjoint, 2 
elements of, 1 
empty, 1 
equal, 1 
equipotent, 59 
everywhere dense, 47, 79, 157,158 
equivalent characterization, 47, 
48 
exterior of, 49, 50 
finite, 2 
index, 2 
infinite, 2 
interior of, 48 
meagre, 160 
members of, 1 
non-meagre, 160 
nowhere dense, 157 
of first category, 160 
of second category, 160 
open, 36 
union and intersection of, 40 
points of, 1 
separated, 135 
subset, 1 
proper, 2 
totally bounded, see Totally 
bounded spaces 
uncountable, 7 
Space, 3 
Metric, see Metric space(s) 
sphere, 33 
Stone—Weierstrass theorem, 176 


Tietze extension theorem, 153 

Tonelli, 129 

Topological space, definition of, 41 

Totally bounded spaces, 103 
subsets of, 113, 116 


Uniform boundedness theorem, 163, 
165 

Uniformly bounded set of functions, 
124 
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Uniformly continuous functions, 53 Weierstrass approximation theorem, 
on compact sets, 119, 120 170 
on real line, 11 Weierstrass //-test, 15 
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University Mathematical Texts 


This established series provides compact textbooks for university students on 
standard topics of pure and applied mathematics. Since the first volume 
appeared successive editors have built up a series which has won widespread 
praise in academic circles throughout the world. The production of revised 
editions of established titles, together with the inclusion of new ones, ensures that 
the series gives modern coverage of mathematics. 

A list of recent books in the series will be found opposite the title page and 
complete information is available on request. Please apply directly to the publisher 
if there is any difficulty in obtaining the series. 
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